DISCONCUGACY - An nth order homogeneous
linear differential equation (operator)

def
Ly=y™ 4+ pi ()" + )y =0, (1)

is called disconjugate on an interval 7 if no nontrivial
solution has n zeros on I, multiple zeros being counted
according to their multiplicity. (Tn russian literature this
is called non-oscillation on T.) Tf (1) has a solution with
n zeros on an interval, then the infimum of all values ¢,
¢ > a, such that some solution has n zeros on [a,¢] is
called the conjugate point of a and is denoted by n(a).
This infimum is achieved by a solution which has at
least n zeros at a and n(a) and is positive on (a,n(a)).
If the equation has continuous coefficients, the conjugate
point n(a) is a strictly increasing, continuous function of
a. The adjoint equation has the same conjugate point
as (1). For general properties; see [C], [T].

There are numerous explicit sufficient criteria for the
equation (1) to be disconjugate. Many of them are of

the form
n

S en(b— a)*|lpell < 1.

k=1

where ||px|| is some norm of p., T = [a, b] and ¢ are suit-
able constants. These are “smallness conditions” which
express the proximity of (1) to the disconjugate equation
y") = 0. See [W].

I, is disconjugate on [a, b] if and only if it has there the
Pélya factorization

d d d

Ly = nS53 \Fn—-1---7— — ]
Y = pn—pn—1 dm(mdm(poy)) )

i > 07
dx pi

or the equivalent Mammana factorization Ly = (% +

70 (% + r1)y. Among the various Pdlya factoriza-
tions the most important is Trench’s canonical form [T]:
Tf I is disconjugate on (a,b), b < co, there is essentialy

one factorization such that fb pf =00, i=1,...,n—1.

Disconjugacy is closely related to solvability of the de
la Vallée Poussin multiple point problem Ly —
q, y(i)(mj) =aj;, i=0,...,7;—1, 37" r; = n. Green’s
function of a disconjugate operator 7. and the related
homogeneous bvp satisfies

Gle, )/ (x—2)" .. (2 —2p)™ >0

for my < & < ®mp, &1 <t < xpy [I]. Other interest-
ing boundary value problem is the focal bvp y(i)(mj) =
0, 7::7°'7,17...77“'7'*17 O=rp<rm<...<rm=n—1.

For a second order equation nonoscillation (i.e., no so-
lution has a sequence of zeros converging to 4oo) im-
plies by the Sturm seperation theorem that there exists
a point a such that (1) is disconjugate on [a,c0). For
equations of order n > 2 this conclusion holds for a class
of equations [E] but not for all equations [Gu].

Particular results about disconjugacy exist for various
special types of differential equations:

(1) The Sturm-Liouville operator

(py') +qy=0, p>0, (2)

is studied by the Sturm (and Sturm-Picone) compar-
ison theorem, the Prifer transformation and the Ric-
cati equation z'4+q+22/p = 0. Tt is also closely related
to the positive definiteness of the quadratic functional

']h:(;z)y’2 —qy?). See [S], [C], [H]. For example, (2) is

disconjugate on [a, b] if f: p ! x f: lq| < 4.

(2) Third order equations are studied in [G].

(3) For self adjoint equation Z?;’O(pm,iym)m =0 the
existence of a solution with two zeros of multiplicity m
is studied. Their absence is called (m, m)-disconjugacy.

(4) Disconjugacy of the analytic equation w''+p(z)w =
0 in a complex domain is connected to the theory of
univalent functions. See [N], [H].

(5) Many particularly elegant result are available for
two-term equations y(") + p(x)y = 0 and their general-
izations Ly + p(x)y = 0 [K],[E].

Disconjugacy is also studied for certain second order
linear differential systems of higher dimension [C], [R].
Note also the historical prologue of [R] which explains
The con-
cepts of disconjugacy and oscillation are also generalized

the connection to the calculus of varmations.

to nonlinear and functional differential equations.
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