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An asymptotic approximation is obtained for solutions of a matrix differential
equation with symmetric matrix coefficient, analytic on the real line. Our contribu-
tion consists of an asymptotic approximation that is valid even for various singulari-
ties near infinity.  © 1999 Academic Press

1. INTRODUCTION

This work considers the matrix differential equation
Y =A(1)Y, (1.1)

where A(¢) is a hermitian, n X n matrix function, invertible and analytic
on (a, «).
For the analogous scalar equation,

y'=a(1)y, (12)

there exists under suitable assumptions the Liouville—Green (L-G, WKB)
approximation y = a~*/*exp(+ [a*/?). Improvements to the L-G approxi-
mations were sought in numerous works [1, 3, 15, 16]. An improvement of
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the L-G formula that holds in more general situations is

ihhw(%)z). (1.3)

The above approximations were derived by Hartman and Wintner [11],
who proved their local validity as ¢+ » +, for the case where Ze[a(1)]
stays bounded away from 0. However, the validity of (1.3) in the case where
t = o is a singular regular point or a singular irregular point with a(¢) pure
imaginary was not examined. Exceptional features of approximations for
solutions and their derivatives, employing the unique combination (a +
(d'/4a)*)"/? were derived and proved in [6—8]. The approximations were
shown to be independent of the type and location of singularities, namely
valid in a half-neighborhood of a singular regular or a singular irregular
point, whether finite or not. The only exclusion is the singular regular case,
which involves a logarithmic solution. Moreover, it was shown in [7,
Example 5.7, and 8, 10] that the approximations derived there, when
interpreted appropriately, are also valid at a turning point. Consult, e.g., [1,
15, 16, 19] for the significance of turning points.

L-G approximations for matrix differential Eg. (1.1) were studied in [17]
(see also references there). A similar problem was approached in [18] in
the context of C*-algebras. A paper by Edelstein [4] contains results
concerning asymptotic approximations for solutions of (1.1) in a Banach
space. In this case the exponential terms in the L-G approximation are
replaced by evolutionary operators of the problem du /dt = +A'?u.

In [5], we developed an asymptotic formula for the matrix system (1.1)
that is a matrix analog of the Liouville—Green approximation, under the
assumption that the matrix 4(¢) is invertible and analytic at the point
t = o. However, it should come as no surprise that the range of validity of
the asymptotic formula developed there does not include the cases where
t = oo is a singular regular point or a so-called turning point, normally a
point where an eigenvalue vanishes. This is so since the Liouville—Green
approximation also fails in the analogous cases for the scalar (1.2).

In this work we intend to obtain approximate solutions of the matrix
equation (1.1) in the spirit of (1.3). Our contribution consists of an
asymptotic approximation that is valid even for various singularities at
t = oo, It will cover, for example, cases where A(¢) = t’A(¢), r is any real
number, and A(¢) is a hermitian, analytic matrix function on the real line
near ¢t = o, and A() is invertible. Other cases that are covered are such
that A(¢) is not invertible at t = « and is possibly meromorphic there.
Note that analyticity is a convenient working assumption in this work.
However, it is used only to estimate functions and their derivatives near

y=a exp
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infinity, and it could have easily been replaced by other sets of assump-
tions. To keep our arguments short, this will not be done here.

Most of the results that are mentioned above are local approximations,
i.e., they are valid on some neighborhood of ¢ = . In [7, 10] it was shown
for the scalar equation (1.2) how to derive global approximations valid on
an entire interval, one end of which is a turning point for the equation
while the other end point could be a singular point. This is done without
utilization of special or transcendental functions. In this paper we focus
only on local approximations for (1.1). Nevertheless, a refined analysis
should show, as in the scalar case, that global approximations could be
derived for solutions of (1.1).

2. LINEAR TRANSFORMATIONS

We rewrite the second-order n X n matrix differential equation (1.1) as
a first-order 2n X 2n system,

Z’=(31 é)z, Z=(;},). (2.1)

The hermitian A(¢) may be diagonalized by a unitary matrix U(z), UU* = I,
U™'AU = D(r) = diag{\(1),..., A, (1)} (2.2)

According to Rellich’s theorem [13], the unitary U(¢) may be taken to be
analytic in ¢, and A,(#),..., A,(¢) are the real, analytic eigenvalues of A(¢).
By the invertibility of A(z), /\j(t) #0on(a,»),j=1,...,n

A natural initial step is to simplify (2.1) by some linear transformation
Z = TZ,. One convenient choice is to take

T— AV ATV (U0
BRIV —441l0 U

(i{ 8)(D01/4 D?/‘*)({T _I,) (2.3)

X1 r\(pYt o (U o0
2\1 -1/\ o pwflo ur)

It is easily verified by straightforward calculation that this takes (2.1) into

, D1/2 0 B ,
Z, = [( A —Dl/z) -T 1T}Zl. (2.4)
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In [5] this transformation was applied under the assumption that A(¢) is
analytic and invertible at ¢+ = o, and so T is analytic there. Consequently
T =@(t?), and T T’ was considered as a “small perturbation” of the
dominant diagonal matrix. In the present work, on the other hand, we shall
analyze (2.3) further to obtain an approximation that is also valid in
singular cases. By (2.3),

T/=(U 0) —iDD 0 (1 1)
I -1

+(U’ 0 )(D-l/“ 0 )(1 I )

0o U 0 pvAINT -1

0 U 0 iD3/4D

hence

A B )

“\D D 0 ’
where
_ (I I \[DV*U*U'D ' 0 I I

L= 2([ —I)( 0 pD-Viyxy pia\1 —I) (2-5)
So finally,

, Dl/Z %Dle/

Z, = ipipy _pu +L|Z,. (2.6)

If A(¢) is not analytic at ¢+ = «, the diagonal terms are not necessarily
the dominant ones. For example, at a singular-regular point at infinity,
A() =t7?L A", we have A; = 12 and A%, X,/4A; = ¢! are compara-
ble. Similarly, any ratio (X,/4A,)/A}/? is available at a suitably chosen
singularity. To handle a case as general as possible, we shall try to simplify
the whole leading matrix by additional linear transformations. The first
matrix coefficient consists of four diagonal blocks:

A2 - Ny /AN
AL/2 N, /4N,

Xy /4N - N2
X, /4\, —N/?
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Let P be the 2n X 2n permutation matrix that, by multiplication from the
right, places the ith column at the 2i — 1th place and the n + ith column
at the 2ith one, i = 1,..., n. The transformation Z, = PZ, rearranges the
four n X n blocks of (2.6) into a direct sum of 2 X 2 blocks and takes the
whole Eqg. (2.6) into

VA WYY
Z,2 _ ( J 7 J

+ P LP|Z,. (2.7)
’ 2 2
X/AN =N/

The direct sum of blocks may be diagonalized again by a matrix 1 of a
similar block structure, and so the calculation is effectively reduced into
one of a single 2 X 2 block. Its eigenvalues are

, 2
i)
4\,
Note that while A;, X are real valued, u; may be real valued or a pure

imaginary function. The eigenvectors that correspond to +u,(#) may be
taken, up to scalar factors, as

i[.Lj(f) = £)/A+

, 1/2 —X./4\.
X2 4 (A + (N /a0)) o i/ 44,

’ 1/2 "4 2\1/2 [
X /4, AT (/\, + (X;/4)) )

respectively, where ()*/? always denotes the same branch. Now we intro-
duce some convenient normalization. Let us put Zj(t) = X;/4A}/?. Divid-
ing by A7/? takes the eigenvectors into

2 —/.

1+\/1 +/, o j
2

/ 1+\/1 +7,

J

, (2.8)

and if we normalize them to be unit vectors, some algebraic manipulations
yield a diagonalizing block

1/2 1/2

1 ! (1 !

+— J— N —

2 2

& ~h| 1 Vi+s \/1+/,-
h; g V2 ( 1 1/2 i vz |’

1- — 14—

2 2

Vi+s Vi+7
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where g7 + h? =1 with complex valued g;, &;, /(¢). Since A; is real
valued, Z; is restricted either to the real axis or to the imaginary one.
To make the above formulas well defined, we shall choose (1 — 1/
VI+/2)W2=//y2 + - +near /=0and 1 —1/2/+ - near infin-
ity, and a similar choice for the other terms. Thus no problem of multival-
ued functions is encountered. The corresponding diagonalizing matrix V' is
of the form

v v
h; g

By the identity sin(iz) = (1/v2)(1 — 1/(1 + tan? z)¥/?)"/2, the blocks
are precisely

cos( arctan /;)  —sin(; arctan /)

(2.9)

sin(3 arctan /) cos(3 arctan /)

a rotation by (the complex angle) Zarctan /.
The vectors in (2.8) are linearly independent, and the other considera-
tions are valid, provided that 1 Jr/j2 # 0, that is,

12

- #0 (2.10)

1+ —L
163

on (a, ). Since 1 +/jz is real valued and nonzero, it is either positive on
all (a,) or negative there. As A,(¢) is also real and nonzero on (a, =),

(2.10) implies that u; = ‘//\j(l +/jz) # 0 on (a,), and it is either real
valued on the whole (a, ) or pure imaginary there.

V' is analytic at every point where the /j(t)’s are analytic or meromor-
phic and assumption (2.10) holds. At the singular end point ¢ = oo, Ajy A
may vanish. However, if we assume that (2.10) also holds at ¢ = «, then
1/(¢) will be bounded and analytic at ¢ = o, too.

By the change of variables Z, = VZ,, the first matrix in (2.7) is diago-
nalized, and our equation becomes

M.
z,= | D N I R e 2l G A VAR CREY
j
It follows by direct differentiation of (2.9) that
vy = @D (3 arctan /) 0 -1 (2.12)
: . o] .
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In this identity there is no essential difference whether the functions /J
are analytic or meromorphic, since (arctan /Y = —(arctan Z Y.

It is known that under suitable ‘“smallness conditions” on the terms
V=iP7ILPYV, V-1, the solutions of Eq. (2.11) have an asymptotic approx-
imation

exp f,uj 0
Zy = (I,, + R(1)) D C,
0 expf -
where R(¢) is a 2n X 2n continuous matrix function such that R(«) = 0.

Several smallness conditions are summarized in [3]. The solutions of the
corresponding Eqg. (2.1) may be represented as

exp f,uj 0
Z = T(t)PV(t)(I,, + R(1)) D C.
0 expf - W

Let us rewrite this as
Z = T(t)(PV(t)P‘l)(P(IZH + R(t))P‘l)

exp f;uj 0
x|p @D Pt|PC.

0 expf—,uj

Each application of the inverse permutation matrix P~ rearranges the n?

2 X 2 blocks back into four n X n blocks. Thus

diag{cos(% arctan /j)} diag{—sin(% arctan 4)}

PP = ... . 000000 I IR DI g
diag{sin(%arctan /])} : diag{cos(% arctan 4)}
exp | u; 0
r D Ju pt
0 expf - W
= diag{expf,ul,exp/,uz,...,exp/ - ,ul,...},
~ I, R : R
P(lL, +R)P =1, +R = nr SolP
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If we put, for short, /= diag{#}}, u = diag{ p;}, then

7 (UD‘““ UD~ /4

cos(l arctan /) - sin(l arctan /)
UD*/* —UD1/4)

sm( arctan / ) cos(g arctan / )

For the solution Y of (1.1) we get the approximation

- a ~
Y(t) = UD™ 1/“[sm( arctan / + ZI”)(I" +Ryy)

i aw
—sm( arctan /—Z )RZl]

X diag{exp /Mp e }Kl

aa ~
+ UD‘l/“[—sin( arctan / — 7 n)R12
] ™ ~
+sm( arctan / + 7 n)(ln + Rzz)}

X diag{expf - p,l,...}KZ (2.14)

and another approximation for Y'. It is worth mentioning that in the

interior of (a,) where A; # 0, /; is finite. Consequently, % arctan /i #

+ /4, and the correspondlng dlagonal matrices in (2.14) are |nvert|ble
For n = 1, (2.14) reduces to the solutions of the scalar Eq. (1.2), which

are equivalent to (6.1), (6.2) of [8]:

1/2

1 1 1/2
y=(1+r)(l—— + 1+ —
' [ H V1 +/72 V1 +/7
1 12 1

+ry

)

1— —— 14—
V1 +/72 V1 +/7

oo fYa Gaaar)
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1 1/2 1 1/2
V= |rp||l - —| + |1+ F— + (1 +ry)
. 1 1/2 . 1 1/2
x|[1- —— + ——
V1477 V1472

X a /4 exp(—f\/a + (d /4a)’ )

with /= da' /4a*/2.

3. ASYMPTOTIC APPROXIMATIONS

The formal asymptotic approximations that are suggested above will be
justified if the perturbation terms in the reduced equation (2.11) are small
in some sense. One simple result in this direction is the following modifica-
tion of Levinson’s theorem [3, Theorem 1.3.1]: Let the diagonal matrix
A(#) = diag{ u,(2), ..., u, (1)} satisfy the dichotomy condition that for each
pair of integers i, j and for all x, ¢ such that @ <t <x < o, [*%e{ p,(s) —
w;(s)}t ds is either bounded from above or is bounded from below. If the
matrix C(¢) satisfies [;|C(s)| ds < =, then, as t — o, the system W'(t) =
(A(r) + C(e)W(¢) has a solution with the asymptotic form

w(t) = (I+ o(l))diag{exthul(s) ds,...}.

A simple result is mentioned in [2, p. 88], where the dichotomy condition is
replaced by a stronger one, namely, that none of the differences #e{ u,(s)
— u;(s)} change sign.

We shall try to apply this version of Levinson’s theorem for (2.11) and
show that the perturbation terms V"*P~1LPV, V"1)" are integrable near
infinity. This may be verified under various assumptions on the singular
behavior of A(z) at infinity.

Let us assume that

A(r) = "4(1),

where h is an arbitrary real number, and the hermitian matrix function
A(r) is analytic and invertible on (a, %) but possibly meromorphic and not
necessarily invertible at ¢ = «. Since the terms of A(1) are meromorphic
at t = o, we can write A(¢) = t"*?A(¢), with a suitable positive integer p
and A(t) analytic at ¢ = «. The eigenvalues of the hermitian A(¢) are
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analytic at 1= oo and are of the form t”/A (t), where the p;’s are negative
integers, A (0) # 0, and the eigenvalues of A(t) are

A1) =t (1), A(®) #0,  j=1,...,n,
With ;= +p +p;. Thus A0 = [ A(0) + @), N/ =1/t +
XNi/A=r/t + &%), and
/2 r_2
SHOE = — 1+ o017, 3.1
2 1/2
m(1) = t/)\(t) 6t 2+ o(17%) (3.2)

Assumption (2.10) is satisfied on some [b, ] unless r; = —2and Xj(oo) =
—1/4 for some j, that is, when /\(t) =~ — . This should not be
surprising, since the equation y” + ¢t %y =0 |s crltlcally located between
oscillatory and nonoscillatory equatlons Except for this case, V and V!
are bounded on some [b, ].

Now we turn to the perturbation terms. By (3.1), /(r) = ct™"/>7 (1 +
o(t~1)), and

, a(t77i/272) if r, > -2,
(arctan /) = N +j/2 ={@(t7?) ifr,= -2, (3.3)
! o(171/?) if r, < -2,

that is, in every case it is (¢t~ ™€) for some € > 0. It follows by (2.12) that
V-V e Lb, ).

Now we turn to the term V"!P~1LPV. Here we need a more detailed
study of the matrix L, which is defined in (2.5). Since U(¢) is unitary,
UU* =1, it follows that U*U' = —U*U = —(U*U’)* and U*U’ is

?I2<e5v)v-hermitian. Put U*U' = (my), mj, = — m,;, j,k =1,...,n. Then by
(T 1/4 r 1/4 ]
A 1/4 A A 1/4 A
- + T m]k - - T mjk
1 | k j ] I k j ]
L=E”:I).\“1./4“”')\”1'/.4 ........ _/\1/4/\1/4 .....
j k j k
L k ] - - k ] -
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The permutation P rearranges L into n X n blocks of size 2 X 2 such that
the (j, k)th block of P~LP is located in the 2j — 1 and the 2jth row and
the 2k — 1 and 2kth column and consists of

1/4 1/4 1/4 1/4

A A M A

1/4 1/4 1/4 1/4

Ay A A A
By the way, if in addition, A(¢) is real valued symmetric and U(¢) is real
orthogonal, then UTU’ is skew-symmetric, and in particular, its diagonal
elements, m,;, vanish. Thus the diagonal blocks of P~ILP are all identi-
cally zero. By the block structure of 1/, the same holds for V"1P~LPV as
well.

Recall that A(t) = t""2A4(¢), where A(t) is analytic at ¢ = . Therefore
the matrix U(¢) that diagonalizes A(¢) may be chosen to be analytic at

t =wand U*U' = @(¢t~2). It follows from the above calculations that each
term of L and P~1LP consists of expressions of the type

m]-k

@v(lﬁZ +(rjfr,\,)/4) ’

which is integrable on [a,%) if r; — r, < 4. The differences r, —r, are
independent of 4, p and are necessarlly integers. Thus the matrlx PlLP
is integrable if

maxlrj —rl=<3.
Jik

Since V,V~! are bounded near ¢ = %, them V" 'P 'LPV = VP 'LPV €
L[b, »). By this we show that the perturbation terms in (2.11) are inte-
grable and the following is proved.

THEOREM 1. Consider Eq. (1.1), where A(t) = t"4(1), h is a real number,
and A(t) is a n X n hermitian matrix function and is analytic and invertible on
(a, ), but possibly meromorphic and not necessarily invertible at t = . Let

M), .., () be the eigenvalues of A(t), A(t) =t f/\ (1), /\ () = 0. If
maxjyklr rkl < 3 and

2
1+

]
16/\5-’ #0 on (a,»],

then the solutions of Eq. (1.1) and those of the corresponding first-order system
(2.1) may be represented by (2.14) and (2.13), respectively.
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Let us consider a special case when A(¢) = t"4(¢) and A(¢) is analytic
and invertible, not only on the open interval (a, ), but even at ¢ = o,
Then all r;’s are equal to the same &, A(t) = thxj(t), and all we have to
check is condition (2.10).

THEOREM 2. Consider the second-order differential system (1.1) with
A(t) = t"A(1),

where h is an arbitrary real number, and /T(t) is a n X n hermitian matrix
function on the real line and analytic on (a,*] and invertible there. Let
M(®), ..., () denote the real eigenvalues of A(t), A\(t) = th)\j(t) and as-
sume that

2

J
3
1613

1+ #0 on (a,»].

Then the solutions of Eq. (1.1) and those of the corresponding first-order
system (2.1) may be represented by (2.14) and (2.13), respectively.

ExampPLE. Let
e Y
A(t) = (ﬂ tﬁ)’

where «, B, and vy arbitrary real numbers and consider, for example, the
case y > a, B. A(t) can be written as

At 1
1 k)

which does not satisfy the analyticity assumptions of Theorem 1 if « — v,
B — v < 0 are not integers. Nevertheless the arguments of Theorem 1
hold with minor modifications. For, near ¢ =, A, = +¢7(1 + 5¢*77
+ 2tF~7 + ---), and we take (the nonunitary)

1 _1_%(tﬁ—7_t01—7) 4 e

Uu(t) =
) L+ 5(tP 7 —t*77) + - 1

U=0t*""1+eP 7 1), and so U U’ € L[a,»). Equation (3.1) is
replaced by

Aty =ct?(L+ (7)) + (1tP7)),
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and (3.3) is modified depending on whether y < —2, y = —2,0r y > —2.
For y = —2, for example, we have (arctan Z(¢)) = @(t* "~ 1) +
o(tF~7" 1) € Lla,»).

Theorems 1 and 2 are easily extended to more general cases, say, when

A(t) = t'A(17),

where r, ¢ are real numbers and g > 0, and A(s) is real analytic on (a, =)
but possibly meromorphic at s = . Indeed, if U(s) = U() + #(s™*) is
the unitary matrix that diagonalizes A(s), we apply in (2.3) the matrix
U(t?). Then Ut d/dtUt?) = (t %1)qt?™ = @(t 171) € L[a, «).
The eigenvalues of A(z) are of the shape A;(1) = t”/Eckjt*"q and

N2 o1+ O(1e
G0 = To = - )@’((tpff s (AT )}

Consequently,

p a(t7ri/?72) if p; > -2,
U (e if p.= —2,

1+/7 ( ) _ P
a(tri’/?) if p; < -2,

are all integrable near ¢ = . The rest of the discussion follows as in the
previous theorems.

4. AN APPLICATION TO OSCILLATION

One of the main questions of oscillation theory is the existence of
conjugate points. Recall that for a vector differential equation,

y" =A(1)y, (4.1)

n(¢) is called a conjugate point of t if the equation has a nontrivial solution
y such that

y(t) =y(n(1)) = 0.

If a conjugate point exists for all sufficiently large values of ¢, the equation
is called oscillatory.

As in the detailed calculations of [5], it can be shown that a conjugate
point n(z) exists for large values of ¢ if w; = (A; + (X,/41))*)"/? is pure
imaginary for some j (and the corresponding exp/u; is a trigonometric
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function), and that

X 2
4—);) ds = mm + o(1) (4.2)

for some m = 1,2,.... Thus, Eq. (4.1) is oscillatory if

(4.3)

For the case n = 1, we thus recover under the assumptions of Theorems 1
and 2 the necessary and sufficient condition for the oscillation of the scalar
equation (1.2), as obtained in [9].

It was conjectured in [12] that for a symmetric matrix A(z), Eq. (4.1) is
oscillatory if

i [14(5) ) =

where A, denotes the minimal eigenvalue of the corresponding matrix.
In [14] this is verified with the additional assumption that

t— >

lim inf tltrace{ftA(s) ds} < o,
0

For Eq. (4.1) with A(¢t) = t"4, where A is a constant symmetric matrix,
(4.3) is a weaker assumption. This is, of course, the result of the additional
assumptions about the analytic behavior of the coefficient matrix.

REFERENCES

1. C. M. Bender and S. A. Orszag, “Advanced Mathematical Methods for Scientists and
Engineers,” McGraw-Hill, New York, 1978.

2. W. A. Coppel, “Stability and Asymptotic Behaviour of Differential Equations,” Heath,
Boston, 1965.

3. M. P. S. Eastham, “The Asymptotic Solution of Linear Differential Systems,” Clarendon,
Oxford, 1989.

4. S. L. Edelstein, Operator analogs of WKB-type estimates and the solvability of boundary
value problems, Mat. Zametki 51(1192), 124131 (translation: Math. Notes, 51 (1992),
411-416).

5. U. Elias and H. Gingold, Asymptotic approximation for matrix differential equations and
applications, Differential Integral Equations, 10 (1997), 137-152.

6. H. Gingold, On the location of the zeros of oscillatory solutions, Trans. Amer. Math. Soc.
279 (1983), 471-496.



10.

11.
12.
13.
14.
15.
16.
17.

18.

ASYMPTOTIC APPROXIMATION 111

. H. Gingold, An invariant asymptotic formula for solutions of second-order linear ODE'’s,
Asymptotic Anal. 1 (1988), 317-350.
. H. Gingold, Approximation of solutions of y” = ¢(x, €)y with several transition points
and moving singularities, Asymptotic Anal. 6 (1993), 335-364.

. H. Gingold, On asymptotics and oscillation of second order linear ordinary differential
equations, in “Differential Equations and Applications, Proceedings of the International
Conference on Theory and Applications of Differential Equations,” (A. R. Aftabizadeh,
Ed.), Vol. 1, pp. 310-314, 1988.

H. Gingold, A mechanism for connection. Trends and developments in ODEs, in
“Proceedings of the International Symposium, Kalamazoo, Michigan, 1993" (Y. Alavi and
Po-Fang Hsieh, Eds.), pp. 77-85, World Scientific, Singapore, 1994.

P. Hartman and A. Wintner, Asymptotic integration of linear differential equations,
Amer. J. Math. 77 (1955), 48—86.

D. Hinton and R. T. Lewis, Oscillation theory for generalized second order differential
equations, Rocky Mountain J. Math. 10 (1980), 751-756.

P. Lancaster and M. Tismenetsky, “The Theory of Matrices with Applications,” 2nd Ed.,
Academic Press, San Diego, 1985.

A. B. Mingarelli, On a conjecture for oscillation of second order ordinary differential
systems, Proc. Amer. Math. Soc. 82 (1981), 593-598.

A. H. Nayefeh, “Perturbation Methods,”” Wiley, New York, 1973.

F. W. J. Oliver, “Asymptotics and Special Functions,” Academic Press, New York, 1974.
D. R. Smith, Decoupling of recessive and nonrecessive solutions for a second-order
system, J. Differential Equations 68 (1987), 383-399.

R. Spigler and M. Vianello, WKB-type approximations for second-order differential
equations in C*-algebras, Proc. Amer. Math. Soc. 124 (1996), 1763-1771.
. W. Wasow, “Linear Turning Point Theory,” Springer-Verlag, New York, 1984.



	1. INTRODUCTION
	2. LINEAR TRANSFORMATIONS
	3. ASYMPTOTIC APPROXIMATIONS
	4. AN APPLICATION TO OSCILLATION
	REFERENCES

