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We consider the class of nonlinear eigenvalue problems
(@n—1 (@)(- - (a1 (@)((a0 (@)uPO=) )P17)" . )Pu1%) = Xp(a)u’™,

where yP* = |y|P sgny, p; > 0 and pop1 ...pn—1 = r, with various boundary
conditions. We prove the existence of eigenvalues and study the zero properties and
structure of the corresponding eigenfunctions.

1. Introduction

The study of the oscillation properties of nonlinear differential equations

(a(@)(y")"") + b(x)y™ =0
with the signed power
Y’ = ly|" sgny

originates in the works of Mirzov [17] and Elbert [5], who named these equa-
tions ‘half linear’. This theory extends various aspects of oscillation theory, such as
the Picone identity [10], Sturm comparison theorem [16,17], oscillation and non-
oscillation criteria of Kneser type [16] and Hille type [14], and other oscillation
criteria [3].

One branch of this research is the study of the eigenvalue problem

(a(z)(u)"")" + Ab(z)u?™ = 0,
u(a) = u(b) = 0.

The existence of the eigenvalues and a description of the associated eigenfunctions
was proved in [4,15] through the use of a generalized Priifer transformation. Similar
eigenvalue problems had been studied earlier in the context of n-width problems in
Sobolev spaces. Tikhomirov and Babadzhanov [19] considered an eigenvalue prob-
lem of the type

((u)P")" + AP =0,
u(a) = u(b) =0,
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and explicitly calculated its eigenvalues and eigenfunctions. A higher-order eigen-
value problem

(@) = (=1 2,
u(i)(a) :u(i)(b) =0, i=0,...,r—1,

was studied by Pinkus [18], who proved an analogue of our main theorem in
this particular case. Buslaev and Tikhomirov [2] considered equations of the form
((u)P*)(") = (—=1)"\ug*, with p # ¢ and various homogeneous boundary values
also in connection with n-width problems. Their results are different in character.

The aim of this work is the study of eigenvalue problems for high-order nonlinear
homogeneous equations of the form

(an—1(z)(- - (a1 (@)((ao(z)u*) )P*) - )Pr=r) = Ab(z)u"™, (1.1)
where

pi > Oa boP1-Pn-1=T,
ai(z),b(z) >0, a;eC" ) beC,

with various boundary conditions and under suitable assumptions on the powers
Doy -+ -y Pn_1. For the particular case pg = p1 = -+ = pp_1 = 1, equation (1.1)
reduces to the well-known linear differential equation

(an—1(2)(- - (a1 (z)(ao(x)u)') - )')" = Ab(x)u. (1.2)

We shall mention here some results concerning the eigenvalue problem associated
with this linear equation.

The left-hand side of (1.2) consists of the general disconjugate operator written
in a Pélya factorization form and, as such, equation (1.2) is traditionally written as

L, u] = \o(z)u,
with the notation
Lo[u] = ao(z)u,
Lilu] = as(@)(Liaful), i =1, m} "

an(x) = 1. Reasonable boundary conditions associated with (1.2) are, for example,

Lilul(a) =0, i=0,...,k—1, }

. (1.4)
L;u]()=0, i=0,....n—k—1,

1 < k< n—1, which are equivalent to

u(i)(a)z(), 1=0,...,k—1,
u(i)(b)z(), 1=0,...,n—k—1.
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A description of the eigenvalues and eigenfunctions of (1.2) and (1.4) was announced
by Krein [13]. More general boundary conditions of the form

n—1

> ayLlu)(a) =0, i=0,....k—1,

=0

Jn—l (1.5)
S Byl () =0, i=0,....n—k—1,

j=0

were studied by Karlin [11] and Karon [12]. In these works, the positivity properties
of the associated Green functions were proved and results concerning the differen-
tial eigenvalue problem were then obtained from known results concerning integral
equations. A totally different approach, which lies within the area of the theory
of differential equations, may be found in [6] and [7, ch. 10]. It deals mainly with
boundary conditions of the type

iul(a) =0, i=iy,... i,
i[ul(b) =0, j=j1,...,jn_k} (1.6)

A typical result for these eigenvalue problems is as follows.

The eigenvalue problem (1.2) and (1.4) has an infinite sequence of real eigenvalues
0< (=) Fa < (=" Fhy<-, N =00 asi— oo

To each \; there corresponds an essentially unique eigenfunction u; that has pre-
ciselyi—1 zeros, all simple, in (a,b), and there are no real eigenvalues except these.
The zeros of u; in (a,b) interlace with those of w;t1.

The same results hold for the boundary-value problem (1.2) and (1.5) under suit-
able sign-consistency assumptions on the matrices (o) and (8;;). Similar results
also hold for boundary conditions (1.6). However, it is necessary to explicitly ensure
that A = 0 is not an eigenvalue. (If 0 is an eigenvalue, its multiplicity may be bigger
than 1, which adds further complications and will be avoided here.) This is done
by the following Pélya condition, which will be assumed throughout our work.

CONDITION 1.1. A necessary and sufficient condition that A = 0 is not an eigen-
value of (1.2) and (1.6) is that, for all £ = 1,...,n, at least ¢ boundary conditions
are imposed in (1.6) on Lo[u], ..., Le_1[u].

Analogously with the factorization (1.3), we define for (1.1) the nonlinear oper-
ators

(1.7)

Nolu] = ag(z)u?*", }
Nifu] = ai(@)(Ni—a[u]))", i=1,...,n,

with a,(x) =1, p, = 1 and rewrite (1.1) as

Ny [u] = Ab(z)u"™.
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Equation (1.1) will be studied together with various two-point nonlinear boundary
conditions. To make the complicated calculations tractable, the boundary condi-
tions will be restricted to those of the type analogous to (1.6), namely,

Nilul(a) =0, i=iy,...,ix, }

Nd(®) =0, 5= juseee s i (18)

with 1 < k < n — 1. The above-mentioned condition 1.1 will always be assumed to
hold where the N; replace the L; therein.
By (1.7),

Y = (a7 ()N [u)) Y/ P 1=1,...,n—
(Nialul)’ = (a7 @Nafu) /7%, i=1,.... 1’} (1.9)

(Nn—l[UD/ = /\b(x)(aal(x)N()[UDT/p“*.

With the notation v; = N;[u], equation (1.1) is seen to be equivalent to the nonlinear
system

vl = (a7 Yx)w) VP, =1, n—1,
= @ @) 10

vn_1 = Ab(@)(ag ! (x)vo) /7o,

Since pg -+ pn_1 = 7, the product of all powers on the right-hand side of (1.10)
is 1. Thus some of these powers are larger than 1, while others are smaller than 1.
The superlinear terms make the global existence of solutions suspect, while the
sublinear ones may make this system non-Lipschitzian, from which arise questions
of uniqueness. This makes (1.10) intriguing and will deserve a detailed analysis.
To achieve differentiability with respect to the parameters, we must impose some
restrictions on the p;. It transpires that the following assumptions will be needed.

AssUMPTION 1.2. Let each of the sets of indices {i1,... i}, {j1,---1dn_k} be
decomposed into blocks of consecutive integers and assume that at least one
of the following four assumptions holds. For each block of consecutive integers
{p,n+1,..., 0+ ¢}, which are sub-blocks of {i1,...,ir}, either

Pus-- s Pu+te <1

or
1<pp.<"'<pp+@a

or the same holds for sub-blocks of {j1,...,jn_k}
What should be done if (1.8) contains boundary conditions of the type
N;[ul(a) =0, i=0,...,h,

and also

where h < ¢7 Since the equations in (1.10) are arranged in a cyclic order, it is
natural not to consider the sub-blocks {0,...,h} and {¢,...,n — 1}, but rather one
sub-block {¢,£+1,...,n—1,0,...,h}, which ‘wraps around’ in a cyclic order. The
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powers associated with this block in (1.10) will be {ps, ..., Pn_1,P0/TsD1s- - Dh}s
and assumption 1.2 should hold for this block.
For example, consider (1.1) with the boundary-value conditions

Ni[ul(a) =0, i=0,...,k—1,
N;ul(b) =0, j=k,...,n—1

In this case, assumption 1.2 holds if one of the following conditions is satisfied:
(i) posp1s-- s pr-1 < 1
(i) 1<po<p1 <o <Pt
(i) P Pe+1s- -y Pn1 S L
(iv) 1<pr <pry1 < -+ <Pt

An extreme opposite example is the equation ((y()P*)(*=7) = \b(z)yP*, with only
one power p; different from 1. For this equation, every set of boundary condi-
tions (1.8) satisfies assumption 1.2. Note that the examples of second- and 2rth-
order at the beginning of this paper are of this type.

The main result of this work is the following.

THEOREM 1.3. If (1.1), together with the boundary conditions (1.8), satisfy con-
dition 1.1 and assumption 1.2, then (1.1), (1.8) have an infinite sequence of real
eigenvalues

0< (=) Fa < (=" Fha<-, N =00 asi— oo

To each \; there corresponds an essentially unique eigenfunction u; that has pre-
cisely i — 1 zeros in (a,b), all of them simple, and there are no real eigenvalues
except these. The zeros of u; in (a,b) interlace with those of w;y1.

Why do we only consider the nonlinear operator y?*? Could these signed powers
be replaced by other nonlinear operators in (1.1), say, N;[u] = ¢o((N;_1[u])")? If
we want our equation to be homogeneous, namely, to have the property that if
u is an eigenfunction, then cu is an eigenfunction for all ¢, then we are led to
the functional equation p(ciu) = cagp(u), hence the Cauchy functional equation
o(x)e(y) = e(xy)p(l). Thus ¢(u) must be either |ulP or uP* (see [1]). It turns
out that this choice is mandatory also at some steps of our method of proof. As
sign changes of solutions play an important role, it is natural to demand that

sgn p(u) = sgn u.

2. Notation and tools

The linear eigenvalue problem (1.2), (1.4) is equivalent to an integral equation whose
kernel is the associated Green function. This integral equation can be approxi-
mated by a matrix equation. Hence our linear (and nonlinear) eigenvalue prob-
lems are closely related to linear (and nonlinear) matrix eigenvalue problems with
strictly total positive matrices. For results in this direction, plus numerous refer-
ences, see [8].
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Let o(f) denote the number of sign changes of the function f in the interval
(a,b). If x1,xo,... are the totality of the zeros of Ny[f],..., Nn_1[f] in (a,b), let
n(z;) denote the maximum number of consecutive N;[f], j =0,...,n — 1, which
vanish at x;,

N;[fl(z;) =0, j=m,...,m+n(z;)—1.

Note that, in the linear case (p; = 1), the number of consecutive vanishing L;[u](x;)
starting at j = m simply count the multiplicity of the zero x; of L,,[f]. However, in
the case of the nonlinear operators N;[u], n(z;) is not necessarily the multiplicity
of the zero z; of a solution u of (1.1), due to the lack of smoothness. This is
because v; = (Nj[u])" of (1.10) may be just continuous at z; and only its signed
power ((N;[u])")Pi+1* is again differentiable. However, n(x;) = 1 does imply that if
N;lu)(z;) = 0, then Njyq1[u](z;) # 0, so x; is a simple zero in the usual sense.

PROPOSITION 2.1. Let o(f) denote the number of sign changes of a function f in
(a,b). Then

a(Nalf]) 2 o(£)+Y_(n(:))+#{i | Nilf](a) = 0}+#{j | N;[f](b) = 0} —n, (2.1)

where (n(z;)) denotes the largest even integer that is not larger than n(zx;) and
#{...} counts the number of zero boundary values.

Outline of proof. The proposition is adapted from [7, ch. 1.2], where a more detailed
claim is proved in the linear case. The proof of [7] applies almost verbatim, with
each L;[f] replaced by N;[f]. It is a consequence of Rolle’s theorem applied to
N;[u] = a;((N;—1[u])")Pi*, a careful count of zeros and sign changes, and sgn uP* =
sgnu. For full details, see [7, lemma 1.11].

By Rolle’s theorem, o(g’) = o(g) — 1, but if g vanishes at either endpoint, we, in
fact, have

o(g') = o(g) + #{g(a) = 0} + #{g(b) = 0} - 1.

Here, the counting #{. .. } means that #{g(c) = 0} = 1 if g(c¢) = 0, and 0 otherwise.
Apply this to the function g = Ny[f] = aofP°* and note that

sgn Nolf) = sgn f* = sgnf and  sgn(Nofu])’ = sgn((No[u])')"* = sgn Ni[u).

Thus

a(N[f]) = o(f) + #{Nolf](a) = 0} + #{No[f](b) = 0} — 1.
Next we repeat the same argument for the functions Ni[f], Na[f],..., and obtain,
analogously,

o(Nis1[f]) = o(Ni[f]) + #{Ni[f](a) = O} + #{Ni[f](b) = 0} =1, i=0,...,n—1.

Summing these inequalities leads us to (2.1), except for the term Y (n(z;)).

If £ = n(x;), then ¢ applications of Rolle’s theorem show that N,[f] has ¢ —1
additional sign changes. If ¢ is odd, then f changes its sign at z; and the net
contribution of this zero to the right-hand side of (2.1) is £ — 1. For even ¢, f does
not change its sign there. Thus, in each case, there is added (¢) to (2.1). O



Nonlinear eigenvalue problems 1339

If w is a solution of (1.1) and ag(z),b(z) > 0, then the functions u, Ny[u] and
Nylu] = /\baar/p“ (No[u])"/Po* have the same sign changes, and hence, by (2.1), we
have the following result.

PROPOSITION 2.2. For every non-trivial solution u of (1.1),
Y (n(w)) +#{i | Niful(a) = 0} + #{j | N;[u](b) = 0} < n. (2.2)
If a solution of (1.1) satisfies the boundary conditions (1.8), then
#{i| Ni[ul(a) =0} 2k and  #{j | N;[u](b) = 0} > n — k.
It thus follows from (2.2) that, in fact,
#{i | Niful(a) =0} =k, #{j [ N;[u](b) =0} =n—k

and n(x;) = 1 for every x; in (a,b). So, if eigenfunctions u exist, they necessarily
have only simple zeros in (a,b), as do the N;[u], j=1,...,n—1.

Another conclusion is that any non-trivial solution of (1.1) may have only a
finite number of zeros in [a,b]. Suppose, to the contrary, that u has a sequence
of zeros x; — c as i — oo. By Rolle’s theorem, each N;[u] has a sequence of
zeros x] — ¢ and consequently Nj[u](c) = 0 for all j = 0,...,n — 1. But then
#{i | Ni[u](c) = 0} = n, #{j | N;[u](z]) = 0} > 1, contradicting (2.2) on the inter-
val with endpoints x7 and c.

i

3. Proof of theorem 1.3

The strategy of our proof of theorem 1.3 is to connect the nonlinear (1.1), (1.8) to
the linear (1.2), (1.6) through a continuum of intermediate problems, and show by
means of the implicit function theorem that the appropriate information about the
linear problem can be extended to the nonlinear problem.

Forall t,0 <t <1, let

pit)=tp; +(1—1¢), i=1,....,n—1,
r(t) =po(t) - pn-1(t).
Then
(Po(1),- Pn-1(1),7(1)) = (P1,- - -, Pn—1,7),
while

(po(0),...,pn_1(0),7(0)) = (1,...,1,1).

We now counsider (1.1) together with the boundary conditions (1.8), with p; replaced
by pi(t), and verify the existence of the desired eigenvalues and eigenfunctions for
all 0 < t < 1. Note that if assumption 1.2 holds for the given powers p;, it also
holds for p;(t) for all t € [0, 1]. For ease of notation, the dependence on t will be
explicitly stated only when needed.

Solutions of (1.10) may be parametrized by an initial-value problem

(vo(a),...,vn_1(a)) = (No[ul(a),...,Nn_1[u](a)) = (g, .-, n_1). (3.1)
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This can be done only if the initial-value problem for the nonlinear system (1.10)
has a unique solution v(x, ag, . .., a,_1) and this solution is extendable to the whole
interval [a,b]. This will be verified in theorems A.1 and A.2 of the appendix. In this
section we will assume this fact.

An eigenfunction is a solution of the system (1.10) that satisfies the boundary
conditions (1.8). To satisfy the k boundary conditions of (1.8) at x = a, we require
that

(677 =0 fori:il,...,ik.

Our aim is to verify that during the change of ¢ we are permitted to determine the
other n — k parameters «;, @ # i1,...,1k, plus A, so that the boundary conditions
at x = b are also satisfied.

As we already mentioned, if a solution u # 0 of (1.1) satisfies the boundary
conditions (1.8), then #{i | N;[u](a) = 0} =k, #{j | N;[u](b) = 0} = n —k, and
consequently,

Niul(a) #0, i #i1,... 0,
NJ[UKb)#Ov j#jla"'ajn—k-

In particular, a; = N;[u](a) # 0 for ¢ # 4y,...,i. If u is a solution of (1.1), then
from the condition pg - - - p,_1 = r, cu is also a solution for every constant c. There-
fore, without loss of generality, we may assume one «; # 0 to be 1. Furthermore,
at present, the precise choice of the iy,...,4; makes no difference in the analysis,
so, for simplicity of notation, we will assume that the n — k non-vanishing initial
values {o; | @ #i1,...,1ik} are ag, ..., Qn_2,0n_1 and ap_1 = 1.

To summarize, we shall search for eigenfunctions of the form

w(T, gy ooy A2, Ay t)

that satisfy the n — k boundary conditions of (1.8) at x = b,

Nj[u(b,ak,...,an_g,/\,t)] IO, j:jla---ajn—k- (32)
These are n — k equations in the n — k variables ag, ..., a,_2, A. Our aim is to solve
them and obtain the continuous functions ay(t),. .., an_2(f), A(t) for 0 < ¢t < 1.

For t = 0, it is known from the linear theory that, for every integer m, there exists
an eigenvalue A, and an essentially unique eigenfunction u,, with m — 1 simple
zeros in (a,b). Hence (3.2) has, for t = 0, a solution a(0),...,a,_2(0), A(0) (and
U () = u(z, ag(0), ..., an_2(0),A(0),0)). This solution of (3.2) will be continued
by the implicit function theorem on ¢ > 0 and generate an eigenfunction of the non-
linear (1.1), (1.8) also with m — 1 simple zeros. Technically, we prove the following
result.

PROPOSITION 3.1. Let t € [0,1] and suppose that, for t = t, the system (3.2) has a
solution ag(t),...,an_1(t), A(t). Then, fort=t,
O, [u], .., Nj,_, [u])

8(ak, ey, 02, /\)

£0. (3.3)

z=b

Proof. We need the differentiability of the solution of the initial-value prob-
lem (1.10), (3.1) with respect to each initial value a; and A. If 1/p; < 1, then
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at the points where v; vanishes, the right-hand side of (1.10) does not have contin-
uous derivatives with respect to v;. So the differentiability with respect to initial
values does not follow from the standard Peano theorem [9] and it is a quite delicate
problem. It will be verified in theorem A.3 of the appendix that if assumption 1.2
about the powers p; holds, then all ON;[u]/0ay and ON;[u]/OX indeed exist and
are continuous in [a,b]. This will be postulated in the present section. The differ-
entiabilty of the INV;[u] with respect to ¢ is easily proved.

In the following calculations we omit £ altogether, so keep in mind that p; = p; (%),
u is the corresponding eigenfunction, etc.

Suppose that the Jacobian determinant (3.3) does vanish. Then there exist n—k
values (¢g,...,cn_2,cx) # (0,...,0) such that

ON;[u] ON;[u] ON;[u]
8ak 80én_g o\

The next step is to characterize the derivatives

(b) 4+ oo (b)) +ex—5—=(b) =0, j=J1,- - Jn-k (34)

Ck

0 0
%Nj [u] and 5Nj [u],
when « is one of the ay,...,a,_3. Once it is known, by theorem A.3, that these

derivatives exist, we may straightforwardly differentiate (1.10),
vg_l = (a;l(x)vi)l/pi*’ 1= 1’ R 1’
v,y = Ab(x)(ag (z)vo) /PO

with respect to o = ay, using (zP*)’ = p|z|P~1. It follows that the

ov;  ON;[u]
Zi = =
foJe} foJe}
satisfy
Z'/L'—l = (ai_l/pipi_l‘vi‘l/pi_l)zia i = 1a"'an_1a
(3.5)
;1 = Ab( —r/P[) UOT/p[)_1>ZO-
Po
To simplify this linear system, let us define
pi = 1/plp log| VP =0, ,n—1.

Then, for ¢ = 1,...,n — 1, system (3.5) becomes z/_; = pi_lzi. Substituting
v; = Nifu] = a;((N;-1[u])")P"*, we get

pi = a;/ P pilai(Ni_1[u] ) )P

For i = 0, we substitute vy = Np[u] = aguP°* and obtain

“pitl aipi|(Ni—_1[u]) [P~ 1.

po = aO/P[)pO‘a UP[)‘ 1/po+1 _ aOpO‘U‘Pn—l’
and the last equation of (3.5) becomes
r—1 /\b
2 = /\baar/p[’i\agup"\T/P“_lzg = /\bL Z0 = \u\r_lzg.
Po aopo|ufPo~!
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Thus
0

5 (Nolul, .. Ny [u])

(Z(), ey Zn—l) =

solves the linear system

/ -1 .
Z;i1=p; %, t=1,....n—1,
7—1 pz ) ) (36)
Sy = Abrlul™ 5 20,
with )
i = Q;P; Ni— U/pi_, i:l,...,n—l,
p pil( _1£ ) (3.7)
po = aopolul” ™7,
and p; > 0.
We are also interested in u, = Ou/Oa. Note that
0 ou ou
= ——N, _ Pox\ _ po—1-27 _ iy
“0 Oa ofu] Oa (aou™) = aopolul Oa po Oa
Thus
Ue = Ou =1z
a = ER =Py <0
and (3.6) is equivalent to the nth-order linear differential equation
(Pn—1 -+ (pr(poua)’) -+ ) = Abrlul" " uq, (3.8)

or more explicitly,
(@n—1Pn—1|(Nyp—o[u])' [P~ 71 (- (arpr [(No[ul) [P+~ (aopolul™ ~tua)') -+ )')'
= Ab(z)r|ul" Ty

This is the variational equation of (1.1) with respect to the solution u. Of course, it
can be derived by direct differentiation of (1.1), but we also need (3.6). As in (1.3),
we define the linear differential operators

Mo (2] = poz,
M;[z] = pi(M;_1]2]), i=1,...,n,

pn = 1. With this notation, equation (3.8) is written as
M [ug] = Nor|u|" . (3.9)
The (9/0a)N;[u] = z; are conveniently characterized in terms of (3.8) by
% = PiZi_

= pi(pi_12i_s)’
= o=pi(--(pr2l) )

o ( (m (pog—z>/> >

ou
=g
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i.e.

8];—ZC£U}:MZ-[2—Z}, i=0,...,n—1. (3.10)
This relation between the nonlinear operator N; and its linearization M; will be
used later. Note that all calculations above are independent of the choice of the
parameter o = .

We observe that proposition 2.1 holds for the operator M,, and })roposition 2.2
holds for (3.9). This is not obvious, since if p; < 1, then p; = ai Tpifvg| /Pt
is singular at the points where v; = N;[u] vanishes. However, in theorem A.3, we
prove that under assumption 1.2, the derivatives

L ON;[u]
T da

exist and are continuous. Moreover, it follows from (A 14) that even if z; = (M;[uq])’
is unbounded at a point z = ¢, a < ¢ < b, it does not change its sign there, say,
zl(cT) = 2i(c”) = +o0. Therefore, a Rolle’s-theorem-type argument may be applied
to Miy1[ua] = pit1(M;us])’ and propositions 2.1 and 2.2 follow.

The (9/0A)N;[u] are calculated similarly. Let

(C(), .. -aCn—l) = %(NQ[UL .. -aNn—l[UD-

The differentiation of (1.10) with respect to A is similar to (3.5), except that the
last equation is now

—T/Po T T — — T *
(oot = /\b<ao /P E\Uo\ /po 1>Co+b(aolvo) /pox,

Since
(aalvo)r/p[)* = (uPo*)T/Por =
(Coy---5Cn_1) is a solution of the linear system
Goi=p"G i=1n—1,
Choq = Norful" " py o + buT

We also have, as previously,

ou

G = 51\[0[“] =rogy-
Thus, as in (3.10),

AN;[u]

o]

} i=0,...,n—1, (3.11)

and uy = du/O\ satisfies

My, [un] = Aor|u|""tuy, + bu™. (3.12)
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Finally, we show how the eigenfunction u of equation (1.1) is related to the
linearization of the same equation. Namely, what is M;[u]?
Mo [u] = pou
= agpolul”*~u
= poagu’®”
= poNolul,
Mi[u] = p1(pow)’
= (a1p1|(Nolu])'["* =) (poNo[u] )’
= poprax((No[u]) )"
= pop1NV1[ul,
and generally,
M;u] = pop1 - - -piNi[u], ©1=0,...,n—1. (3.13)
Recall that N, [u] = (Np_1[u])" and pop; - - - pp_1 = r. Thus
Mylu] = (Mn-1[u])" = po - pn—1(Np-1[u])" = rNy[u]
and, consequently, u satisfies

M, [u] = rAbu™. (3.14)

After these preparations, we can now return to (3.4). From the identities (3.10)
and (3.11) and due to the linearity of the operators M;, equations (3.4) may be
rewritten as

Mj[ckuak +~~~—0—cn_2uan_2 —Q—C)\U)\Kb) IO, j Ijl,...,jn_k, (315)
where
_ Ou _ Ou
Yo T Bay T o

Our aim is to show that this is impossible.

Recall that 22_2 Cilla, is a solution of (3.9), while cyuy is a solution of (3.12).
For brevity, we write w, = 22_2 iUy, and consider the function w, +cyuy. Equa-
tion (3.15) implies that the function w, + cyuy satisfies at b the n — k conditions

Mj[wa_._c)\u)\}(b) =0, Jj=J1, s Jn—k-

u = u(z,Qk,...,an_2,\) was defined by the initial value (3.1), so that it satisfies
at a
NZ[UK(I)IO, izil,...,ik,

plus the normalization
Np_1ful(a) =1

for all ay,...,a,_2,A. Differentiation with respect to some ay or A, together
with (3.10) and (3.11) evidently yields that w,,, ux, as well as any of their lin-
ear combinations, satisfy at a the k + 1 conditions

Mi[wa—FC)\U)\}(a):O, i:il,...,ik,n—l.
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We remark that this implies that ¢, # 0. Otherwise, w,,, which is a solution of the
linear equation (3.9), satisfies (k + 1) + (n — k) = n + 1 homogeneous boundary
conditions at the endpoints a and b, which is impossible by proposition 2.2.

The solution u of (1.1) also satisfies, by (3.13), the first k of these conditions at
a and the same n — k conditions at . Thus u, ws, + cyuy and any of their linear
combinations satisfy the n linear boundary conditions

M’L[y}(a)zoﬂ i:ila"-aika
Mj[y}(b)zoa J=J1s 5 Jn—k-

Let us choose a linear combination fy = w, + cyuy + cu that satisfies one addi-
tional boundary condition of the same type at one of the endpoints, say,

M’L[f()}(a)zoa i:ila"'aikaik—}—la
Mj[f()}(b)zo, J=J1y -y In—k-

This implies that #{i | M;[fo](a) = 0} > k+ 1 and #{j | M;[fo](b) =0} > n —k,
so, by proposition 2.1,

(3.16)

(3.17)

o (M, [wa + cxuy + cul) = o(wy + cxuy + cu) + 1.
But, by (3.9), (3.12) and (3.14),

My [we + cxuy + cu] = Abor|ul""tw, + ex(Nor|u|""Tuy + bu™) + e(Abru™)

1
= /\br\u\r_l [wa + e (u)\ + vu) + cu},

and therefore

a(wa+cAuA+ (%—b—c)u) > o(wa + cxux + cu) + 1. (3.18)

The new combination

CX
f1 = wa + cruy + (v—O—C)U

satisfies again the n boundary conditions (3.16) (but not the n + 1 boundary con-
ditions (3.17)!). So #{i | N;[fil(a) = 0} = k, #{j | N;[f1](b) = 0} > n —k
and another application of the operator M,,, together with proposition 2.1, gives
o(Myp[f1]) = o(f1). Explicitly,

2
0| wa +cruy + ﬂ—o—c u| = ol wy +cruy + C—A—O—c u . (3.19)
Ar Ar

After m iterations of this process, we get, together with (3.18),

a(wa + cyuy + (% + c>u> > o(wq + cxux + cu) + 1. (3.20)
r

1 mcy Cx
— | wo +Cruy + +clu| — —u.
m A7 A7

Asm — oo,
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What happens to the zeros of

fm = wa + (224
m « C\U clu
w AU\ -

as m — o0o? No zero of f,, in (a,b) can tend to either endpoint a or b, since this
would add a vanishing M;[u] there and we would obtain

#{i | Mi[ul(a) = 0} + #{j | M;[u](b) = 0} = n + 1,

contradicting proposition 2.2 applied to (3.14). Nor can two zeros of f,, coalesce at
an internal point x; of (a, b), since this would imply that My[u](x;) = M1[u](z;) = 0.
But we had already concluded after proposition 2.2 that n(z;) > 2 is impossible for
an eigenfunction u. It therefore follows that as m — oo, the number of sign changes
of fn, in (a,b) remains fixed. So, for all sufficiently large integers m,

mcy
a(wa + exuy + (— + r)u) = o(u).
AT
Together with (3.20), this means that

o(u) > o(wa + cruy + cu) + 1. (3.21)

On the other hand, consider the function

—mc
f_m:wa—o—c)\u)\—o—( h\ A +c>u.

1 C)
md-m = (r)“

when m — oo and o(f_n) = o(u) for sufficiently large m. Now we apply the
operator M, to f_,, m times and obtain

As above,

—c
o(Wa + cruy + cu) > 0<wa + caun + (/\—T)‘ +C>u>
—mc)y
2"'20<wa+0)\u)\+< X +C>u>
r

=o(u).

This contradicts (3.21). This contradiction shows that the Jacobian (3.3) indeed
cannot be 0 and the proof of proposition 3.1 is completed. O

We now return to the proof of the main theorem. Eigenvalues and eigenfunctions
of (1.1), (1.8) are obtainable by solving the unknown ay/(t), ..., a,_2(t), A(t) from
the system (3.2) for every 0 < t < 1. Take a fixed integer m. It is known that the
system (3.2) has a solution for ¢t = 0 that generates the mth eigenvalue \,, and
corresponding eigenfunction w,, of the (linear) system. Thanks to proposition 3.1,
the implicit function theorem ensures that the solution of (3.2) can be continued
for some ¢ > 0. Let # be the supremum of the values such that (3.2) is solvable for
all 0 < ¢t < and assume that 7 is finite.
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During the process, we normalized the solution u of (1.1), (3.1) by
Np_1lu)(a) = ap_1 = 1.

However, since (1.1) is homogeneous, i.e. u is a solution if and only if cu is a solution,
every other normalization is equivalent. Let us renormalize u by multiplication with
a suitable constant, so that

Y (Nilu(a))® =1,

PFELL stk

and, in addition, of course, N;[u](a) =0, i =41, ..., i.

What happens to the solution u as ¢t T £? By the above normalization, it is obvious
that we can choose a convergent subsequence of initial values. For simplicity, we
denote the limit by ag(f),...,an_1(f). The corresponding solution u satisfies the
given boundary conditions. As argued above for lim f,,, no zero of v can tend to
either endpoint a or b, nor can two of its zeros coalesce at an internal point of (a, b).
Hence the number of sign changes of u in (a,b) remains unchanged for 0 < t < £. By
considering (1.1) at « = a, it also follows that A(¢) tends to a finite limit. Therefore,
we can again apply the implicit function theorem, starting at ¢ and continue the
solution of (3.2), contradicting the definition of t. This verifies that our process
continues, in fact, for all t > 0 and, in particular, holds for ¢ = 1. This proves the
existence of an eigenvalue A, of (1.1) such that the corresponding eigenfunction
has exactly m — 1 changes of sign in (a,b).

Note that the sign of the eigenvalues is determined from the linear problem and
it cannot change with ¢, since we assume condition 1.1. Thus (—=1)"~*),, > 0 for
all m.

The eigenvalues of the linear problem are arranged according to the number
of sign changes of the corresponding eigenfunction. That is, [Asr1| > [N and
o(ugr1) = o(ug) +1 = ¢. We had already seen that as the parameter ¢ grows,
the number of sign changes remains fixed. Is the strict order of the eigenval-
ues preserved in the process? The following proposition shows that no eigen-
values meet as t grows and the nonlinear problem preserves the same ordering
0 < (=1)" %Xy < (=1)""*X\g41 as the linear one.

PROPOSITION 3.2.
(i) Each eigenvalue of (1.1), (1.8) has an essentially unique eigenfunction.

(il) Let A, p be two eigenvalues of (1.1), (1.8), and u, w the corresponding eigen-
functions. If |X| > |p|, then o(u) > o(w).

Proof. First we prove that, for any two functions u, w for which N, [u] and N, [w]
are well defined, and constants «, 3,
(a7 Ny fu] + 59574 N ]
> o(au + fw)
~ 1, aP P Niful(a) + 5P N (o) = 0)
~ 1, @R N )(6) + RN ] (5) = 0)
(3.22)
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As in the proof of proposition 2.1, we start with

o(f') = o(f) + #{f(a) =0} + #{f(b) = 0} — 1, (3.23)

and apply this to the function fo = aP°* Ny[u] + BP°* Ny[w]. By the easily checked
identity
sgn(uP* + vP*) = sgn(u + v), (3.24)

and since Ny[u] = aguP°*, we have
O—(apn*NO[u} + 6?[)*N0[w}) — O—(apn*upn* + 6?[)*10170*) — O'(CYU + 6w)
So (3.23) becomes

o (a”"(Nolu])" + B (No[w])')
> o(au + fw) + #{a’* No[u](a) + B7°* No[w](a) = 0}
+ #{aP* No[u](b) + BP°* Now](b) = 0} — 1.
We apply (3.24) with p = p; to the left-hand side of the last inequality, and sub-
stitute ((No[u])’)P** = a7 N1[u], so as to obtain
O—(apnpl*Nl [U} + 61’01’1*]\[1 [wD
> o(au + fw) + #{a’* No[u](a) + B7°* No[w](a) = 0}
+ #{aP* No[u](b) + BP°* Now](b) = 0} — 1.
Next we repeat the same step with f; = aPoP1* Ny [u] + BPoP1* Ny [w], focusing atten-
tion on the vanishing of Nj[u], N;[w] at the endpoints. This gives
O—(apnplpz*N2 [u] + 61’01’11’2*]\[2 [wD
> O-(aP[)Pl*Nl [U] + 61’01’1*N1 [wD
+ #Ha" " Niul(a) + 57 Nifwl(@) = 0)
+ #{aPP* Ny [u](b) + BPOPY* Ny [w](b) = 0} — 1.
Summing up the n repetitions of the above inequalities leads us to (3.22).

Now we turn to the proof of (i). Let u, w be two eigenfunctions corresponding
to the same eigenvalue A and suppose that they are linearly independent. On the
right-hand side of (3.22), the n boundary conditions that are satisfied by both u and
w are counted. But, if we choose «, 8 so that one additional intermediate function

aPoPi* N luy] 4+ BP0 Pi* N, [w] vanishes at one of the endpoints, then the right-hand
side increases by 1 and we get

o(aPo Pr=1*N, [u] + gPo " Pr—1*N, [w]) = o(au + fw) + 1.

By po--pn_1 = r, the differential equations N,[u] = Abu", Np,[w] = Abw™ and,
by (3.24), the left-hand side of (3.22) becomes

o(aPoPr=1* N, [u] + gPO Pr=1* N, [w]) = o((au)™ + (Bw)"™) = o(au + fw).
Thus we arrive at the contradiction

o(au+ fw) > o(au + fw) + 1.
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This contradiction implies that A cannot have two linearly independent eigenfunc-
tions.

To prove (ii), let A, u be two distinct eigenvalues, |A| > |u|, and u, w the corre-
sponding eigenfunctions. We choose f = au+ fw as above, with an additional zero
at either endpoint, and obtain

o(aPo Pr=1* N [u] + PO Pr=1* N, [w]) > o(au + fw) + 1.
Since N, [u] = Abu"™, Np[w] = pbw™, we obtain
oA (auw)™ + u(Bw)™) = olau + Pw) + 1
and, by (3.24),

1/r
a(au + (%) 6w> > o(au + fw) + 1.

Note that, consequently, we must have o # 0, 8 # 0. We repeat the same argument
m times, beginning with the function au + (11/\)*/7Bw (but this time without any
extra sign change!), and obtain

m/r
a(au + (%) 6w> > o(au+ fw) + 1.
Since, by assumption, |u/A| < 1, we obtain as m — oo that

o(u) = o(au+ pw) + 1.

Next we begin with the function (11/\)™/"au+Bw and carry out the same argument.
Now the result is

m/r
s ey 3o (2] s ) <ot
and together we have
o(u) = o(au + pw) + 1 > o(au + fw) = o(w). (3.25)
Thus o(u) > o(w). O

REMARK 3.3. The inequality (3.25) was proved for a particular combination au +
Sw, with an additional zero at one endpoint. If we repeat this same argument for
an arbitrary combination yu + dw, (y,0) # (0,0), we get

o(u) = o(yu+ dw) > o(w).

In particular, we have
= o(yupsr + dug) = £ — 1. (3.26)

Proposition 3.2 also implies that there are no other eigenvalue—eigenfunction
pairs, except those that we constructed by the implicit function theorem. Suppose,
to the contrary, that there exists another pair :\g, ug such that 4, has £ —1 changes
of sign. (Recall that any non-trivial solution of (1.1) has at most a finite number of
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zeros in [a, b].) Then either N = Ar, Ao > Apor A < A¢, and proposition 3.2 leads
to a contradiction.

The last detail of theorem 1.3 is the separation of the zeros of consecutive eigen-
functions. Let Ay, Apt1, |Ae] < [Aes1], be two consecutive eigenvalues and ug, wsyq
be the corresponding eigenfunctions, with £ — 1 and ¢ simple zeros in (a, b), respec-
tively. Suppose that their zeros do not separate each other in (a,b). Then we check
(and reject) two possibilities.

(a) If ug, ups1 have a common zero at x1 € (a,b), then there exist o, 3 such that
aPoP * Ny [upsq] + BPOPY* Np[u,] vanishes at 21 (and, of course, every combina-
tion of Nolue], No[ug+1] is zero there). Here, o, 8 # 0, since we had already
seen that no eigenfunction u can satisfy No[u](z1) = Ni[u](z1) = 0. Thus we
have n(z1) > 2, which adds two changes of sign to our count and, as in the
proof of (3.25), we obtain

A 1/r
O’(CMU@.H + (/\ d > ﬂUg> > o(aupsr + Bug) + 2. (3.27)
/41

But this contradicts (3.26).

(b) Suppose that usy; has consecutive zeros at x1,z2 € (a,b), but uy # 0 in
[z1, 22]. Then there exist «, 3 # 0 such that cqugsq + Suy vanishes at a point
of (z1, z2) and does not change its sign there (‘double’ zero). By the definitions
of Ny[u], N1[u] and (3.24), this is also a zero of aP°* Ny[ugy 1] + BP0* No[ue], and
aPoP * Ny [upsq] + BPOP* Nq[ug] changes it sign there. This adds two changes
of sign to our count and (3.27) again holds, which is impossible by (3.26).

This completes the proof of the separation property, and of theorem 1.3.

Appendix A. Existence, uniqueness and differentiability

THEOREM A.l. Assume we are given the cyclic system

vi_y =bi(z)v]*, i=1,...,n—1,
o (A1)
vy, 1 = bo(x)vy°",

where b; € Cla,), b; >0 and r; > 0. If rory---rn_1 < 1, then every solution is
extendable to the whole interval [a,00). The same holds if v]™™ is replaced by v;".
Proof. The proof is inspired by [17, lemma 2.1]. Suppose, to the contrary, that a
solution (vg,...,v,_1) can be continued only until 2 = w, w < co. Choose a point

Zg, o < w, such that
/wbi(s)ds <27 i=0,...,n—1
Zo
Integration of (A1) on [z, x] yields
vi_1(x) = vi_1(zo) + /I bi(s)v;"*(s)ds, zo<zr<w, i=1,...,n, (A2)
Zo

where we use the cyclic notation v,, = vy, b, = by.
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Let z;(x) = max(,, 4 [vi(s)]. By (A2),

0<2zi1(x) < zica(zo) +27"2i(2)", o< <w, i=1,...,n (A3)
We prove by induction that, for every j =1,...,n — 1,
0 < zo(z) < const. + ($z;(x))™ " (A4)

where ‘const.” means various positive constants. For j = 1, this is (A 3) with ¢ = 1.

Suppose (A 4) is valid for a certain integer j. Then, by an additional application
of (A3) with i = j + 1, we get

zo(z) < const. + (

< const. + (

L ()

5 (25 (x0) + 27 2 () )

Since (%(a +b))™ < a™ + b™ for every a,b,m > 0, the above inequality continues
as

zo(x)

T1Tj —T1 74T Ty T AT
const. + z; ()T 4 27T IR o () T

<
< const. + (241 ()" T

This verifies (A 4). In particular, for j = n, we have, with z, = zy and r,, = o,
0 < 20(z) < const. + (F2o(x))0" "L

As rg---rp_1 < 1, it follows that zo(x) is bounded on [zg,w) and so, of course, is
vp (). Analogously, as a consequence of the cyclic behaviour, one proves that all the
zj(x), and thus the v;(z), are bounded as well. From the differential equations (A 1),
it follows that the vy, ..., v),_; are bounded on [z,w), and so lim,_,,- v;(z) exists
and is finite for each j = 0,...,n — 1. But then the solution can be continued in
a right-hand neighbourhood of w, contradicting the definition of w. Thus w < oo is

impossible. Note that, as we took absolute values, the above holds for v]** and v.".
|

THEOREM A.2. FEquation (A1), withr; >0,i=0,...,n— 1, and initial value
(vo(a),...,vn_1(a)) = (g, ..., an_1) # (0,...,0), (A5)

ik

has at most one solution. The same holds if v;"™ is replaced by v;*.

Proof. If, for each i, either r; > 1 or ; # 0, then there is nothing to prove, since the
right-hand side of (A 2) is Lipschitzian and standard uniqueness theorems hold [9].
Therefore, let r; < 1 and «; = 0 simultaneously, at least for some values of i. As

the proofs for both v]** and v;* are identical, we omit the * everywhere.

Let us break the sequence ayg, ..., a,_1 into blocks such that
a; =0, k;<i<n;—1,
J . J (A 6)
aﬁé(), njgzgij—L

where k; < n; < kjy1. Due to the cyclic structure of (A1), we may renumerate
the equations so that ag # 0, a,_1 = 0. Thus, without loss of generality, we may
assume that 0 =np < ky <ng <--- < kyg <ng =n.



1352 U. Elias and A. Pinkus
We start with a block kj <7< nj —1,1e ap,_1 #0, a; = -+ = an,_1 = 0,

an,; # 0. Near x = a,

U, —1(x) = / bn, v,:?j ds = / b, (am; +0(1))"™i ds ~ const.(z — a),

where ~ means ‘equal up to multiplication by 1+ o(1)’ and ‘const.’” is some non-
zero constant value. Note that all the b; are continuous, positive and bounded near
z = a. Now

xT
Th.—1
Unj_g(x) :/ bnj—lvnjj_l ds
a

x
~ const./ bn,—1(s —a)™i~"ds
a

~ const.(z —a) ™,

We prove by decreasing induction that, for all 7,

vi(z) = const.(x — )T, i=kj...,n;—1,
Uk, —1(x) — ag;—1 ~ const.(z — a)P’“j‘l, } (A7)
near a for suitable P;. Indeed, we have already computed P,,_1 = 1, while
vi_1(x) = /I bjv;* ds ~ const. /I bi(s — a)""i ds ~ const.(x — a)Fmi !
fori=k;+1,...,n; — 1, and similarly for vg; 1 —ag;—1 (vr,—1(a) = ag;—1). Thus
P1=PFPri+1
= (Pip1ris1 + 1) + 1
=147 +rrg+ - F g a1, 1=k, ng — 1 (A8)
Suppose that the initial-value problem has two solutions, (ug,...,un_1) and

(vo,...,Un_1). Then

Si—1 Si—1
Vi1 (sic1) — ui—1(si—1) = / bi(v]* —ul')ds; = / b}~ (v; — u;) dsi,
a a

where 7; is between v; and w;. For i € {k;,...,n; — 1}, both v; and w; sat-
isfy (A7), and so does 7;(z) ~ const.(z — a)F". Consequently, near a, the last inte-
gral is approximately

const./ ) bi(s; — a)P"(”_l)(vi — u;) ds;.

According to the definition of P;,
Pz(’l"z—l):P,L’I"I—P,L:(Pz_l—l)—P“

and since b; is bounded,

Si—1

|vii1 —ui_1|(siz1) < Const./ (si—a)l=r=Pi o, —uy|dsi, 0= kj,. .., n -1,

’ (A9)
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near * = a. Note that when r; < 1, then P,_y — P, — 1 = P;i(r; — 1) < 0 and
the integral is singular. This is the source of the difficulty, which requires careful
estimates.

The blocks of the other type with «; # 0 are relatively simple. As v;, u; &~ a; # 0,
1; =~ const. # 0, and therefore

Si_1
lvice —ui_1|(siz1) < Const./ lvi —uilds;, i=mn4,...,kjy1—1.  (A10)
By assumption, ag # 0 and therefore, for i = n,
Sn—1
[Un_1 — Un_1](8n_1) < Const./ |vg — uo| dsp.- (A11)

From the combination of the inequalities (A 9), (A 10) and (A11) fori =0,...,n
we obtain

[vo — ug|(z)

Sky—2 [Skq—1
Const/ / / Skl_a)Pkl 1—=Pry—1
kit P Py, -1 ok Snj=2 P P 1
[ ot [ [ g
a a a
/Snj—l /Snj /Skj+1—2
a a a

Skjy1-1 P P 1 Sn—1
/ (Skj_H _a) kjp1—1" 4k / ‘UO—UO‘dSn"'dsl-
a a

On a small right-hand neighbourhood of a, let z(z) = max(, 4 [vo — uol|. 2() is a
positive non-decreasing function, so that

|vo — ug|(x) < const. / / Sp .. .dsy X z(z),

where the iterated integral is similar to the previous one except that the final
integrand |vg — ug| is missing. Take a point & where z(x) = |vo(x) — ug(x)|. Such
points exist arbitrarily close to a since vy — ug vanishes at a. If we prove that the
iterated integral exists and tends to 0 as & — a, then we get 0 < z(z) < o(1)z(z).
This implies z(z) = 0 and thus vy = ug.

It remains to verify that the iterated integral

¥ gt P Py —1 [N =2 P P 1
/ / (Skj _a) kj—1—k; — / / (Snj—l_a) n;—2—Fn; 1—

a a a a

Sn.—1 Sn . Sk . _2 Sk . 1 Sn—1

J J Jj+1 j+1
Py.,._1—Py. -1

/ / / / (Skj+1 —a) j+1 41 / dSn"'d81

a a a a a

(A12)

exists and converges to 0 in spite of the fact that we may have P,_; — P, — 1 <0
for some 1.
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Since a1 = 0, the last block of initial values is a; = 0, kg <i<ng—1=n—-1.
We claim that the corresponding innermost integrals are

Si
/ (sip1 —a) =Pt
a

Sp_2 P L Sn—1 P
/ (Sn_1— a)P"—Z_ n—1— / dsy, -+ -ds;y1 = const.(s; —a)"?,
a a

i=ke—1,...,n—1=n-1

(A13)

For i = ny — 1 =n — 1, this is true, as

Sn—1 P
/ ds, =$p_1—a=(sp_1—a) "1,
a

since P,,_; = 1. Suppose that (A 13) is true for an integer i. For ¢ — 1, the corre-
sponding integral is

Si—1
/ (s; —a)P =271 x const.(s; — a)7* ds; = const.(s;_1 — a)Fi—1,
a

and (A 13) is verified for i = kg —1,...,ng —1=n—1.
In the following block, a; # 0,4 = ng_1,...,kq — 1, so the calculation is imme-
diate,

Si Si41 Sky—2 |
/ / / (Skq_l _a)qu—l dskq—l"'d3i+1 :Const.(si_a)kq—z—1+qu_1
fori=mng_1—1,...,k; — 2. Advancing from block to block, we finally get that the
integral (A 12) is

COIlSt.(.Z‘ _ a)(k1—1)+Pk1_1+(k2—711—1)+Pk2_1+(k3—’ﬂ2—1)+"'+qu_1’

where the exponent is positive. This completes the proof that vy = ug. By (A1), it
now follows that v; = u; for alli =0,...,n— 1. O

In the proof of proposition 3.1, we need the existence of the derivatives

% _ ONj[u]

8&@ 8&@

precisely for those components for which «; # 0 in the initial value (3.1). The
following theorem proves that in a neighbourhood of an eigenfunction of (1.1),
(1.6), the solution of (1.10) with initial values (3.1) is differentiable with respect to
the non-vanishing initial values.

THEOREM A.3. Letv;(x,p,...,an_1), 1 =0,...,n— 1, denote the solution of the
initial-value problem (1.10), (3.1) and let &y, . .., apn—_1 be such that the solution of
the system (1.10), with initial values

(vo(a),...,vn_1(a)) = (No[u](a),..., Nn_1[u](a)) = (G, ... ,&n_1),
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corresponds to an eigenfunction of (1.1), (1.8). If assumption 1.2 about the powers
p; is satisfied and &y # 0, then the derivatives

81}0 8Un_1
8&@ B 8&@

exist at ap = &y and are continuous on the interval a < x < b. The same holds for
the derivatives Ov; /ON.

Proof. Consider an initial-value problem
v' = F(z,v), v(a) = o,

where v = (vo,...,0n_1), F = (Fo,...,Fn_1) and a = (ag,...,an_1). If the
OF;/0v; are continuous, then, by Peano’s theorem, z = dv/Jay is the solution of

the variational system
OF:
Z ==z, zp(a) =46
<8vj > k(a) = Ok

(see [9]). Unfortunately, our system (1.10) does not satisfy Peano’s assumption,
since the coeflicients of the corresponding linearized system (3.5),

Z'g—l = (ai_l/pipi_l‘vi‘l/pi_l)zia i = 1a cees N — 1a

’ _ —T/Po r r —1
Zp_q = /\b<ao p—\vo\ /Po >Zo,
0

are discontinuous at points where v; vanishes if p; > 1. Hence Peano’s theorem
is not directly applicable at some points. Such singularities certainly occur at the
endpoints a, b because of the boundary values (1.8) and possibly at other points of
(a,b) where some v; vanish. At all other points, the usual proof of Peano’s theorem
holds.

We start our discussion near z = a. The role of the point x = «a is different to
that of the other points, since the initial values are specified at a. It is clear by the
initial values that at a,

%(vk(a)) = 6k,£-

However, this is of no help, since we need the existence and continuity of dv/day. It
was shown earlier that the zeros of v; = N;[u] do not accumulate. Therefore, v; # 0
for all ¢ on some (a,a + €) and Ov/Oay exists there. We shall prove its continuity
as x — a by direct calculation.

Let

v(x, ) =v(T, 0, .., Qe ey 1),
v(z,ap +h) =v(z,00,...,00+hy...,0n_1)

be two solutions of (1.10), (3.1) that correspond to two different initial values (with
further reference to initial values a;, j # ¢, omitted). In (3.3), we agreed to name
the non-zero initial values, for simplicity, ag, ..., a,_2. Here, however, we need their
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exact identity, so we split the initial value into blocks of consecutive zero and non-
zero components, as in (A 6). Since we are interested in ay = éy # 0, we necessarily
have n, < ¢ < k41 — 1 for some 7.

Our calculations are analogous to those in the proof of theorem A.2, with the
powers r; of (A1) replaced by the corresponding powers in (1.10), i.e. r; = 1/p;,
i=1,...,n—1, and ro = r/pg, so that rq---r,_1 = 1. Let us start with ¢ — 1 # £.
First note that vj(a,ar) = vj(a,ap+h) forall j #¢ For k; <i<nj—1,i—1#¢,
due to v;_1(a,ap + h) —v;_1(a,ay) = 0, we obtain, as in (A 9),

vi_1(8i—1, a0 +h) —vi_1(8i_1, o)
h

Si—1 . . h . .
~ const./ (si —a)fimr=Pimt vilss e+ }1 vilsi, ) ds;
a

nearz = a.If n; <i < kj11—1,i—1 # £, then again v;_q(a, ap+h)—v;_1(a,ap) = 0,
and in this case we have, analogously with (A 10), that

i—1(5i—1, h) —vi—1(si—1, P v (s, h) —vi(s4,
vi_1(s 1(15—0—}1 vi_1(s lae)%const./ vi(s ag—o—; vi(s ae)dsi.

Now we turn to ¢ — 1 = £. Recall that the present theorem is only about the case
ag = &y # 0, so we consider only n, << k1 — 1. Ifn, << l+1< kpyr — 1,
then, as v¢(a, ap + h) — ve(a, ay) = h, the above equation is modified as

ve(8g, 00 + h) —w(sg, )
h

d85+1,

1
Sty s ap+h)—v s o
mconst./ 041(Seq1, 00 + ; 0r1(Se41,00)
a

while if £+ 1 = k,.; (next block!), then

Ve(se, o+ h) —ve(sg, o)

1
h

Se
~ const./ (5041 — a)Prr 1= Frrga =1
a

" Vo1 (Seq1, a0 + h) — veg1(Set1, ap)
h

If £ # 0, then, combining the last integrals together, we have, as in theorem A.2,

d85+1.

vo(x, a0 + h) — vo(z, ap)

h
xT Se—1
%const./ / <1+const.

Si h) —
></ ...UO(S’IHCVZ_._ ) UO(S’HJCVZ) d8n~~~d85_1> dS[“dSl.

h

The inner structure of the iterated integral is as in theorem A.2, according to the
blocks defined above and is omitted here. It is important only that the index ¢
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belongs to a block of type n, < £ < k.41 — 1. Therefore, the first integral is

z Sky—1 N o Snp—1 se-1
/ .../ (Skl_a) k1—1—5k1 — .../ .../ dSé"'dSl
a a a a

- —ny—1)+-+P tenp—1
= const.(z — a)F1 I Pm ke —m =Dt Py a4 (Eone—1)

and

vo(, o + h) — vo(, ap)
h

< const.(x

_ a)k1—1+Pk1 —1+(k2—n1—1)+ 4Pk, 1+({l—n,.—1)

z Sn—1
+Const./ /
a a

The innermost integral [*"~"'|.--| is naturally increasing, so we replace its upper
limit by « > s,,_1. There remains

Vo(Sn, e + 1) — vo(sn, o) ds,, - --ds;
h ! '

vo(x, a0 + h) — vo(z, ap)
h

< const.(z

+ const.(z — )M~ Pt t Prg =1 /

a

_ a)k1—1+Pk1—1+(k2—n1—1)+"'+Pk.,‘_1—1+(2—nr—1)

x

vo (8, v + h}i — vo(s; ap) ds.

By Gronwall’s inequality,

vo(z, a0 + h) —vo(z, ap)
h

< const.(z — a)

kl—1+Pk1+(k2—n1—1)+"'+PkT_1+(5—’ﬂr—1)0(1)’
with the details of the last term unimportant. Note that all ‘const.” terms above
are independent of h.

We have already mentioned that dvg/day exists on (a,a + ¢). By the last esti-
mates, we conclude that dvg(z)/day — 0 as x | a. A similar argument holds for
the other dv;(z)/0a; and for i = £, duy(z)/Oay — 1. This completes the continuity
of Ov/Oay near z = a.

At an internal point ¢ € (a,b), the situation is simpler, since we know that v;
may have only simple zeros. If p; < 1, then the term |v;|/Pi=! in (3.5) is regular
and causes no difficulty. On the other hand, if p; > 1, then, near = = ¢,

loi VPl x|z — ¢, with r > —1,
and the system (3.5) is of the form

dz _ |z — ¢|"A(2) =, (A 14)
x

with a continuous A(x). A change of variable s = (z — ¢)""1* transforms it into

dz 1 -
= _ A
= = ——(s)2(s),
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with a differentiable solution z(s) at s = 0. Consequently, z(z) = z(c + s/ +1) is
continuous (but with unbounded derivative!) at = ¢ in spite of the mild singularity.

Finally, we come to the endpoint = b. By the boundary values (1.8), we know
that n — k of the v; vanish at x = b, so system (3.5) is singular there. Let

Nj[u](b) =0, j=pp+1,...p0+4
Nyteqa[u](b) # 0

be a block of consecutive vanishing v;. Then, as in (A7) and (A 8), we obtain that,
forall i, pu <i< pu+¢,
vi(z) ~ const.(x — b)",

with

1 1
+—t+ - —.
Pi+1 Pit+1Pi+42 Pit1Di+2 - - Dite

P=1+

Here, we have replaced r; by 1/p;, i = 1,...,n — 1, and r¢ by r/po. However, as
remarked after the statement of assumption 1.2, we will, for convenience, write 1/pg
in place of r/pg. Thus, in (3.5),
’U,L-l/pi_l ~ (CL‘ _ b)Pi(l/Pi—l)

near b. If p; < 1 for all 4, u < @ < p + ¢, this expression is continuous and the
corresponding equation in (3.5) presents no difficulty. Negative powers of (z — b)
and a singularity occur in (3.5) when p; > 1. As in the previous discussion, the
solution of (3.5) will nevertheless be continuous at z = b if Pj(1/p; — 1) > —1
whenever v;(b) = 0. Now

1 1 1 1 1
Pl——-1|=(1+ 4+ 4 || — -1
pi Pi+1  Pit1Pi42 Pit1Di+2 - - Dite Y2

1 1 1
-1+ +—+ " ——
Pi+1  Pit+1Pi42 Pit1Di+2 - - Dit+e

1 1 1 1
— + et + .
Pi  DiPi+1 PiPi+1 - Pite—1  PiPit1 " Pite
One possible way to ensure that this is bigger than —1 is to assume that
1 1 1 1 1

—> > > > >
Pi Pit1 Pi+2 Pite—1 Pite

for all 4, 4 < ¢ < p+ ¢. Then the expression above is not less than

1t o
PiPi+1 " Pi+e
The lack of symmetry between the endpoints a and b is only an artefact of our
choice of initial value. We may interchange the roles of a and b and make analogous
assumptions for blocks of v; vanishing at = a. This is precisely our assumption 1.2.
The proof for dv;/d\ is similar. a
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