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Let A;, i=1,...,m, be a set of N; x N;_; strictly totally positive (STP) matrices,
with Ng = Ny, = N. For a vector = (z1,...,2x) € RY and arbitrary p > 0, set
P = (Jz1[Psgnay, ..., Jon [P sgnay).

We consider the eigenvalue—eigenvector problem
Am(' o (AQ(Alz)Pl*)Pz* .. .)Pm—l* — )\1:7‘*,

where p1 -+ -pm_1 = r. We prove an analogue of the classical Gantmacher—Krein
theorem for the eigenvalue—eigenvector structure of STP matrices in the case where
p; = 1 for each i, plus various extensions thereof.

1. Introduction

A matrix A is said to be strictly totally positive (STP) if all its minors are strictly
positive. STP matrices were independently introduced by Schoenberg in 1930 (see
[13,14]) and by Krein and Gantmacher in the 1930s.

The main results concerning eigenvalues and eigenvectors of STP matrices were
proved by Gantmacher and Krein in their 1937 paper [6]. (An announcement
appeared in 1935 in [5]. Chapter 2 of their book [7, 8] is a somewhat expanded
version of their paper [6].) Among the results proved in that paper is that an N x N
STP matrix has N positive simple eigenvalues, and the eigenvector associated with
the ith eigenvalue, in descending order of magnitude, has ¢ — 1 sign changes.

To explain this more precisely, let us define for each x € RY two sign-change
indices. These are S~ (), which is simply the number of ordered sign changes in
the vector @, where zero entries are discarded, and S (), which is the maximum
number of ordered sign changes in the vector @, where zero entries are given arbi-
trary values. Thus, for example,

$7(1,0,2,-3,0,1) =2 and S7(1,0,2,-3,0,1) = 4.

Note also that S~(0) = 0, while for convenience we will set ST(0) = N.
We now can formally state the Gantmacher—Krein theorem.

THEOREM GK. Let A be an N x N STP matriz. Then A has N positive simple
eigenvalues

Al > o> Ay > 0.
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Let ; be an eigenvector associated with the eigenvalue A;. Then, if l<p<qg< N
and cp, ..., cq are not all zero, we have

q q
p—léS‘(Zcimz) <S+<Zcimi> <qg-1.
1=p 1=p

In particular, for eachi € {1,...,N},
St(x;)) =S (xi)=i—1, i=1,...,N.

Equalities of the form ST (z;) = S~ (x;) will be frequently encountered, both in
our results and their proofs. Such an equality implies that every zero component of
x, if they exist, is flanked by non-zero components of opposite sign. In particular,
neither the first nor the last component of * may vanish. This equality may be
viewed, in a sense, as the vector analogue of a function with only simple interior
ZEros.

In this paper, we will consider various generalizations of this result. To explain
our results, we introduce some notation. For a vector & = (x1,...,zy) € RY, and
arbitrary p > 0, we set

xP* = (o1 |[Psgnzy, ..., |ley[Psgnry).

Let A be an M x N STP matrix. In [11,12], Pinkus considered the nonlinear ‘self-
adjoint’ eigenvalue—eigenvector problem

AT (Az)P* = \aP*. (1.1)
For p = 1, this reduces to the self-adjoint equation
AT Ax = M.

This problem (for general p) arose in connection with some n-width problems,
and also has analogues as certain integral and differential equations. If (A, ) satis-
fies (1.1), with @ # 0 and A € R, X # 0, then we will say that (A, x) is an eigenvalue—
eigenvector pair for (1.1). It is readily checked that if (A, ) satisfies (1.1), then so
does (A, ax) for every a« € R. As such, we may consider eigenvalue—eigenvector
pairs, up to multiplication of the eigenvector by constants. The following result,
analogous to the Gantmacher—Krein theorem, was proved in [11].

THEOREM P. Assume A is an M x N STP matriz. Let R = min{M, N}. Then,
for each p > 0, there exist exactly R eigenvalue—eigentector pairs (A;, ;) satisfy-
ing (1.1). Furthermore,

(a) AL > >Ap >0,
(b) St (x;) =S (x;)=i—1fori=1,...,R.
Equation (1.1) was generalized by Buslaev [3] to

AT (Az)P* = Az"™ (1.2)
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for arbitrary p,r > 0. Note that if (\, z) satisfies (1.2), then so does (A|a|P™", ax).
Because of this nonlinearity of the eigenvalue, when we talk about eigenvalue—
eigenvector pairs, we will generally assume that ||z|l2 = 1 (the Euclidean norm
equals 1). Buslaev proved the following.

THEOREM B. Assume A is an M x N STP matriz. Let R = min{M, N}. Then,
for given p,r > 0 and each i € {1,..., R}, there exists at least one eigenvalue—
eigenvector pair (\;, ;) satisfying (1.2), with A\; > 0 and ST (x;) = S~ (x;) = i— 1.

For p # r, there may be many more than R eigenvalue—eigenvector pairs. As
such, there may, and sometimes will, be more than one eigenvector with any fixed
number of sign changes. Some examples are presented in § 5.

Two different proofs of the existence of eigenvalue—eigenvector pairs are given
in [11] and [12]. One depends on the Lyusternik—Schnirelman theorem on the cat-
egory of an n-dimensional projective space. The other follows from an application
of the implicit function theorem. The proof given by Buslaev is different and uses
both an ingenious fixed-point argument and Borsuk’s antipodensatz theorem.

In this paper, we will consider certain generalizations of theorem P. In particular,
we will consider the eigenvalue—eigenvector problem

Am(“.(A2(A1m)P1*)p2*...)Pm_1* — /\mr*’ (13)

where the p1,...,pm_1,7 are arbitrary positive values and A; is an N; x N;_; STP
matrix, ¢ = 1,...,m, with Ny = N,, = N. Unfortunately, the lack of a certain
form of ‘self-adjointness’, which is present in (1.1) and (1.2), renders the category
argument in [11], and the fixed-point and Borsuk arguments in [3], seemingly inap-
plicable. We will use a variation on the argument from [12] that applies the implicit
function theorem. As we will shall see, the existence, and not the uniqueness or
characterization, is the major problem when considering (1.3).
Our main result is as follows.

THEOREM 1.1. Assume that the A; are as above, with p1,...,pm_1 = 1 and
r=pi-pm_1. Let R = min{N; : ¢ = 1,...,m}. Then there exist exactly R
eigenvalue—eigenwector pairs (\;, x;) satisfying (1.3). Furthermore,

(a) AL > > Ap >0,

(b) ST (x;) =S (x;)=i—1fori=1,...,R.

We conjecture that this same result holds for any positive p1,...,pm_1 and
r=1p1---Pm_1. While our proof uses the fact that the p; > 1, we will show how
certain additional cases follow from this result. For r # p;y - - p,,_1, there may be
many more eigenvalue—eigenvector pairs. We will also touch upon this briefly.

Why do we consider only the particular nonlinear operation x?*? If we demand
that if @ is an eigenvector, then aw is also an eigenvector for all & € R (but with
perhaps different eigenvalues), then we are led to a consideration of the functional
equation f(ab) = f(a)f(b) for all a,b € R. As is known (see, for example, [1, p. 41]),
the only continuous solutions to this equation are

f(@) = |2
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and
f(x) = |al? sgn @ = 27",

for some 0 < p < oo. This is our reason for the choice of this operator.

Before ending this introductory section, we recall two important properties of
STP matrices. These are called variation diminishing This was Schoenberg’s initial
contribution to the theory. The versions we shall use are the following.

THEOREM VD. Let A be an M x N STP matriz. Then, for each vector x € RN,
x #0,
ST (Az) < S~ (z).

Furthermore if ST(Ax) = S~ (x), then the sign of the first (and last) component
of Az (if zero, then the sign given in determining S*(Ax)) agrees with the sign of
the first (and last) non-zero component of x.

We say that an M x N matrix is STP of rank K if it is of rank K and all of its
r X r minors are strictly positive for all » = 1,..., K. An associated dual property
to theorem VD is contained in this next result.

THEOREM VD2. Let A be an M x N STP matriz of rank K. If Ay = 0, then
eithery =0 or S~ (y) > K.

The two above results, and variants thereof, may be found in [2,9,13].

This paper is organized as follows. In §2 we provide a new proof of the Gant-
macher—Krein theorem. This is the ‘linear’ version of our problem. The standard
method of proving the Gantmacher—Krein theorem is by the use of Perron’s theorem
regarding the largest eigenvalue of a positive matrix, and its eigenvector, and Kro-
necker’s theorem on the eigenvalues and eigenvectors of the associated compound
matrices. In §2 we will present an alternative method of proof for this theorem,
which depends on neither of these results. It instead depends on the variation dimin-
ishing property of STP matrices. In § 3, we consider generalizations of the method
of proof given in § 2, which permits us to prove the uniqueness and other properties
of the solutions of the nonlinear problem (1.3) (always under the assumption that
r=p1--Pm_1). In §4, we consider the problem of existence of solutions to (1.3).
It is here that we apply the Gantmacher—Krein theorem (which is applicable in the
case py = -+ = ppm_1 = r = 1) and the implicit function theorem, which permits
us to continue the solutions that exist in the former case to pi1,...,pm_1 > 1 (and
r = p1---Pm_1). This is used in the proof of theorem 1.1. We may totally forego
this restriction on the p; when dealing with the largest eigenvalue, or the smallest
eigenvalue if all the A; are invertible. We also rotate, and in certain cases, invert,
the p;, and thus generalize theorem 1.1 to cover additional cases. In §5 we briefly
discuss the case where r # py - - - p;p_1, proving, for example, a Perron-type theorem
ifr>p- pm_1-

Somewhat analogous results for ordinary differential equations may be found
in [4].
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2. An alternative proof of the Gantmacher—Krein theorem

In this section, we provide a new and alternative proof of the Gantmacher—Krein
theorem. Let A be an N x N STP matrix. We start by proving that A has N simple
and positive eigenvalues. This part of the proof may be found in [10]. We use the

notation
Ay (ha,lk)
Jiy---5Jk
to denote the k x k minor of the matrix A — AI, obtained by choosing the rows

i1,...,4; and columns jq,...,Jjir. From Sylvester’s determinant identity (see, for
example, [9, p. 3]), we have

1,...,N 2,...,N—1
A*<1,...,N>A*<2,...,N—1>
1,...,N—1 2,...,N 1,...,N—1 2,...,N
_A*<1,...,N—1>A*(2,...,N> A*( 2,...,N >A*<1,...,N—1>'
(2.1)

It is easily verified that

o () (Rt - @2
for all A > 0. Expand each determinant as a polynomial in A and note that all the
coefficients of this polynomial are strictly positive, since all minors of A are strictly
positive.

We now use an induction argument to prove our result. We also simultaneously
prove that the eigenvalues of the two principal minors obtained by deleting either
the first row and column, or the last row and column, strictly interlace the eigen-
values of the original matrix. The case N = 2 is easily checked.

For notational ease, set
1,....N
— A ) )
PN *(1 N>’

) )

2,...,N
n(A) = Ay <2N>

1,...,N—1
42(A) = Ax (1 N—1>

)

2, N-1
r(A) = Ax (2 N—1>'

)

and

We assume, by the induction hypothesis, that all the N —2 zeros of r are positive
and simple, and interlace the N — 1 positive simple zeros of ¢; and g». Let

ﬂ1>"'>ﬂN—1>0
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denote the zeros of either ¢; or go. From (2.1) and (2.2), it follows that
p(pi)r(p;) <0, i=1,...,N—1.
Furthermore, as r(0) > 0 and by the induction hypothesis,
r(p) (=) N1 >0, i=1,...,N -1,

implying -
p(u)(=D)*N >0, i=1,...,N—1.

As p(0) > 0 and p(un_1) < 0, the polynomial p has an additional zero in (0, un_1).
As p has leading coefficient (—1)" and p(u1)(—=1)V*! > 0, p also has a zero in
(11,00). Thus p has N positive simple zeros, which are interlaced by the N — 1
zeros of both ¢; and ¢o. This proves the induction step, and thus A has N positive
simple eigenvalues.

We now assume that A > p > 0 are eigenvalues, with associated linearly indepen-
dent eigenvectors « and y. Then, from theorem VD, we have, for all («, 3) # (0,0),

ST(\azx + pupy) = ST(A(az + By)) < S~ (az + By). (2.3)
Note that this implies
SHa) = S~(x) and S*(y) =5 (y).
We now assume that both « # 0 and 8 # 0. We may rewrite (2.3) as

St (am + <§>6y> < S™(ax + By).
Iterating this process, we have
St (am + (%) 6y> < S (az + By)

for every positive integer n. As n — oo, and since /A < 1 and S~ (x) = ST(z), it
is easily verified that

Tim S (am + <%>n6y> = 5 ().

The above follows from the general fact (which we will use again) that if

lim 2" =z

and z € RY satisfies S*(2) = S~(z), then
ST(z") =8 (2")=8T(2) =5 (2) (2.4)

for n sufficiently large. Note that if ¢ > 0 satisfies
e < min{|zg| : 2z # 0},
then, for every n for which

max{|zy —zx|:k=1,....N} <e,
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we necessarily have
ST (z") =87 (2") = ST (z) = S (2).

Similarly, from (2.3),

S*(az + By) < S~ <<§>am + 6y>

and, iterating this process, we obtain

ST (ax + By) < S~ ((%)nam + ﬂy)

for every positive integer n. As n — oo, and since u/A < 1 and S~ (y) = ST (y), it

follows that n
lim S~ ((%) ax + 6y> =5 (y).

Thus, for every (o, 8) # (0,0),
57 (x) < S (ax + By) < ST (ax + By) < 5 (y).

If S~(x) = S~ (y), then equality holds throughout our sequence of inequalities,
and, in particular,
S*(az + fy) = S~ (az + fy)

for all («, 3) # (0,0). This is impossible, since there are choices of «, 3 for which
the first or last coefficient of the vector ax + Sy vanishes, in which case the above
equality does not hold. Therefore, S~(x) < S~ (y).

We have proved that A has N simple positive eigenvalues, and thus N associated
eigenvectors. For each of these N eigenvectors, we have

St(z)=S"(z) € {0,1,...,N — 1},

and if A > p > 0 are eigenvalues with associated eigenvectors x and y, then
S~ (x) < S~ (y). This proves that if

A >--> Ay >0

are the eigenvalues of A, and x; is an eigenvector associated with the eigenvalue
A;, then
St (x) =S (zi) =i— 1.

Now assume 1 < p < ¢ < N and we are given real constants c¢,,...,cq, not all
zero. Then, following the above analysis, repeated application of

q q q
S+ (Z CIAZm»L) = S+ (Z czAmZ> < S~ (Z cimi>
i=p i=p i=p

implies that

(B e (o) s (S e ($0(3))

1=p
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We may assume that c,, cq # 0 and then apply
q A n
s (§ (o) 500
1=p P

while

q A n

nlg]élo S (Z ci</\—?> mz> =S5 (zg) =q—1.
1=p o
This implies
a a
p—1< S‘(Zcimi> < S+<Zcimi> <q-—1,

1=p 1=p

which completes the proof of this theorem. O

REMARK 2.1. There is an additional result that is sometimes stated in connection
with the Gantmacher—Krein theorem. It has to do with the ‘interlacing of the zeros’
of ;11 and @;, which is important in the continuous (integral) analogue of this
theorem. One form of this is the following. Let z;(¢) be the continuous function
defined on [1, N], which is linear on each [j,j+ 1], 5 =1,..., N — 1, and such that
x;(j) is the jth component of x;. Since

S7(wi) = ST (zy) =i~ 1,
the function x;(t) has exactly ¢ — 1 zeros, which are each strict sign changes. Since
i—1< S (s + faigr) < ST (i + i) <,

for every choice of («, 5) # (0,0) it can now be shown that the i — 1 zeros of z;(t)
strictly interlace the ¢ zeros of x;41(t).

A similar argument proves the following variant, which we will need in §4.

THEOREM GK2. Let A be an N x N STP matrix of rank K. Then A has K positive
simple eigenvalues
AL > o> A >0

and, for the essentially unique eigenvector x; associated with the eigenvalue \;,

St(x) =8 (z;)=i—1, i=1,...,K.

3. Uniqueness and other properties

In this section, we will discuss uniqueness and certain associated properties for the
problem
A (- (Ag(Ag)Pre)pes .. )Pm—1% = AT (3.1)

where the p; are positive values and p;y - - - p,_1 = 7. We show that the latter half
of the proof of theorem GK may be applied in this situation.
For ease of notation, we set

T(x) = A (- - (Ag(Aq)Pre)P2r ... )Pm—tx
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where each A; is an N; X N;_y STP matrix, i = 1,...,m, with Ng = N,,, = N, and
R =min{N; :i=1,...,m}. Note that

T(ax) = P Prm—1*T(x) = o"*T(x).
Thus (A, x) is an eigenvalue—eigenvector pair for (3.1) if
T(x) = ",

and if (A, ) is an eigenvalue—eigenvector pair, then, for every o € R\ {0}, so is
(A, az).

PROPOSITION 3.1. Under the above assumptions, let (A, x) and (u,y) be eigen-
value—eigenvector pairs for (8.1). Assume x, y are linearly independent. Then, for

all (e, B) # (0,0),
ST(Aa™ ™ + paty™) < S~ (ax + fy).
Proof. In this proof, we will use the easily checked
sgn(aP* + vP*) = sgn(a + b) (3.2)

for any a,b € R and p > 0. We also recall that we are assuming that A, u # 0.
We start by noting that since (A, x) and (p,y) are eigenvalue—eigenvector pairs
for (3.1),
a7 x™ + pay"™ = T(ax) + T(By).

Thus
Sta™z™ + pa™y™) = ST(I(ax) + T(By))
= ST (A (- (Az(Ar(ax))Pre)pes ... )pm-1*
A (o (Aa(Ar (By))7 o)),

From theorem VD applied to the matrix A,,, the above quantity is less than or
equal to

S_((Am—l te (A2 (A1(Cvm))p1*)p2* .. )pm—l*
+ (Am—l ce (Az(A1 (ﬂy))pl*)pz* - )pm—l*)
and, by (3.2), is equal to
ST (Am_1 (- (Ao (Ar(am))Pre)P2e .. )Pz
A1 (- (Ag(Ay (By) PP Pz,

As S~ (w) < ST (w) for every vector w, we can now continue this process, each
time peeling away an Ay and a power, until we reach

S7 (azx + By).

Let us now consider some consequences of this simple inequality.
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COROLLARY 3.2. Assume (A, x) is an eigenvalue—eigenvector pair for (3.1). Then
A >0, and
S™(x)=ST(x) < R—-1,

where R =min{N; :i=1,...,m}.

Proof. Put « = 1 and § = 0 in the proof of proposition 3.1. Then, starting with
ST(Az"™)(= ST(x)), we get a whole series of increasing inequalities, ending with
S~ (x). As S™(z) < ST (x), it therefore follows that this series of inequalities are
equalities. That is, S™(z) = St (Az™) = ST (x). Furthermore, from the case of
equality as stated in the second part of theorem VD, we obtain A > 0.

From these series of equalities we also have, for each ¢ € {1,...,m},

ST (@) = ST(Ai(- - (Ag(Aya)?7)P2 )P, (33)
where pg = 1. As A;(--- (Aa(Ajz)Pr*)P2* ... )Pizt is a non-zero vector in RM:,
we must have S~(x) = ST(x) < N; — 1. This is true for each i, and therefore
S~ (x) =St (x) < R—1. O

We have so far only considered eigenvalue—eigenvector pairs with positive (non-
zero) eigenvalues. What, if anything, can we say about those vectors satisfying
T(x) =07

COROLLARY 3.3. IfT(x) =0, then S~ (x) > R.
Proof. Starting with
T(@) = (- (Aa( s} oo = 0,
we have, from theorem VD2, that either
Ap1(- - (Ag(Ay)Pr)pe=. ..)pi‘n_z -0
or this vector is not identically zero and
ST (Apm_1(- - (Ag(Ayz)Pr=)Pz* .. )Pm2) > N,

In the latter case, we can repeatedly apply theorem VD and (3.2), as in the proof
of proposition 3.1, to obtain

S (x) > 5—(Am_1(...(Az(Alm)pl*)pz*...)pi‘n_z) >N,, >R,
since R=min{N; :i=1,...,m}. If
Ap1 (- (Ag(Ay)Pre)pe= ... Pm-2 = (),

then we continue as above (stripping away the A,,_1). It follows, in all cases, that
S~ (x) > R. O

The main consequence of proposition 3.1 is the following result.

THEOREM 3.4. In the eigenvalue—eigenvector problem (3.1), to each eigenvalue
there corresponds an essentially unique eigenvector. Furthermore, if (A, x) and
(1, y) are eigenvalue—eigerwector pairs for (3.1) and X > p, then S~ (x) < S~ (y) <
R—1.
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Proof. From proposition 3.1, we have
Stz + paty"™) < S~ (az + By),
which we can rewrite, by (3.2) (and since A, u > 0), as
ST\ ax 4+ pt/ " oy) < S (ax + By). (3.4)

Assume x, y are linearly independent eigenvectors associated with the same
eigenvalue A > 0. Then, from (3.4),

S*t(azx + By) < S~ (az + By)

for all («, 3) # (0,0). But this is impossible, as this would imply, for example, that
the first and last coefficients of the vector ax + Sy never vanish. This contradic-
tion implies that the eigenvector associated with the eigenvalue A is unique (up to
multiplication by a constant).

Assume now that (A, ) and (p, y) are eigenvalue—eigenvector pairs for (3.1), with
A > u. We apply the same argument as may be found in our proof of theorem GK.
For a # 0, 8 # 0, we have, by (3.4),

1/r
St (am + (%) ay> < S (ax + By).

Iterating this process, we have

n/r
St (am + (%) ay> < S (az + By)

for every positive integer n. As n — oo and since p/A < 1 and S~(x) = ST (x), it

follows by (2.4) that
1 n/r
lim St (am + (X) ay> =5 ().

1/r
St(azx + By) < S~ ((%) ax —O—ﬂy)

Similarly,

and, iterating this process, we obtain

n/r
ST (ax + By) < S‘((%) am+ﬂy>

for every positive integer n. As n — oo and since /A < 1 and S~(y) = ST (y), it

follows that /
lim S— ((%) ax + 6y> =S5"(y).

n— oo

Thus, for all («, 3) # (0,0),

57 (x) < S (ax + By) < ST (ax + By) < 5 (y).



1318 U. Elias and A. Pinkus
If S~(x) = S~ (y), then equality holds throughout and, in particular,

ST (ax + By) = S~ (azx + By)

for all (e, 8) # (0,0), which is again impossible. Therefore, S~ (z) < S~ (y). From
corollary 3.2, we have S~ (y) < R— 1. O

4. Existence

In this section, we prove the existence of R distinct eigenvalue—eigenvector pairs for
the problem

T(x) = Ay (- - (Ag(Ay@)PrH)Per .. Pt = \gT™, (4.1)

where the p; > 1 and py---py_1 = r. This result, together with theorem 3.4,
implies the existence of exactly R such pairs and proves theorem 1.1.

In the proof of the existence, we will use a method of proof based on the implicit
function theorem. This proof is rather technical. We shall assume, in what follows,
that each p; > 1. We may do this because, if p; = 1, then we simply reduce the
number of terms in the above equation. For each t € [0, 1], we will set

pi(t) = pit + (1 — 1)
fori=1,...,m—1, and
r(t) = pa(t) - pm-1(t).

Note that

(p1(1)s- s pm—1(1),7 (1)) = (P15 -+, Pm—1,7),

while
(p1(0),...,pm_1(0),7(0)) = (1,...,1,1).

By theorem GK2, we know the solutions of (4.1) for (p1(0),...,pm_1(0),7(0)). We
continue these solutions as functions of ¢ until we reach (p1(1),...,pm-1(1),7r(1)).
Define, for k=1,..., N,

Gr(z, \t) = [An(--- (A2(A1m)p1(t)*)pz(t)* . ..)pm-l(t)* _ ,\mr(t)*}k’ (4.2)

and

N
Grar(m A t) =) |ap> — L. (4.3)

k=1

Solving (4.1) is equivalent to solving Gi(x, A\,t) = 0 for k = 1,..., N. The condition
Gni1(x, A t) = 0 is a normalization condition.
Now,

G(ma Aa t) = (Gl(ma Aa t)a LR GN+1(ma A’ t)) € C(RN+2’ RN+1)'
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As we will use the implicit function theorem for G(x, \,¢) = 0 with respect to the
N + 1 variables x1,...,2n, A as functions of ¢, we must show that

G(ma Aa t) = (Gl(ma Aa t)a e GN+1(ma A’ t)) € Cl(RN+2’ RN+1)'

We will do this explicitly by calculating most of the partial derivatives, since we
need them later.

We introduce the following notation. For k = 1,...,m, we let Dy(x) be the
Nj, x Nj diagonal matrix whose diagonal entries are the components of the vector

Ap(Ap_1 -+ (Ag(Agz)Pre)Per .. YPe—1r

which is in RV* (and we set pg = 1 so that D;(z) is the N1 x N; diagonal matrix
whose entries are the components of A;x). Thus the diagonal entries of D,,(x) are
the components of the vector T'(z). When we write

| Dio()[" 1,

it is to be understood that the operator | -|P+~! is being applied to each element of
this diagonal matrix. We will also drop the ¢ from the p;(t), except when necessary.
The above notation is convenient since, for example, for p; > 1,

0
—((A1)P ) = pa|(Arz)i]” (A1) = pr(|Da() [P~ A iye-
aibg

Using this notation, and the calculations as above, we can write, for k,{ =1,...,N
(and all p; > 1),

%(m, A, t) = T(Am‘Dm_l(m)‘pm—l—lAm_l‘Dm_2(m)‘pm_2_1

81‘@
"'Ag‘Dl(m)‘pl_lAl)kj —AT‘Z‘@‘T_I(S@’]C. (44)

Fork=N+1land ¢=1,...,N, we have

OGN 1
———(x, A\, t) = 2x4. 4.5
81'@ (ma ) ) Ty ( )
As the variables are z1,...,zy and J, it will sometimes be convenient to use the
notation A = xyy1. For k=1,...,N and £ = N + 1, we see that
8Gk 8Gk
—(x, A\, t) = T, A\ t) = —xF, 4.6
@A) = (@A) = (16)
while for k,{ = N + 1,
OGN 11
—(x,\,t) =0. 4.7
T ( ) (4.7)
It is also true that 0c
k
W(m’ At)

is a continuous function. As we do not need its explicit value, we will not precisely
calculate it.
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Note that, for all ¢ € (0, 1], we have p;(t) > 1, and thus G(z, A, t) is a C! function
in all its variables. At the p;(0) = 1, there is a problem in that G(x,\,0) is not
necessarily C'. To be more precise, we have a problem with the continuity of the
elements of |Dy,(z)[P*)~1 and |z |")~1 if some of their components tend to zero
as t — 0. However, it is readily verified that G(x,\,0) is locally C* at those
values of x for which the components  and the diagonal components of Dy (),
all kK = 1,...,m, are not zero. We will consider the case where the p;(¢) > 1,
i.e. t € (0,1], although, as we will note later, the analysis also applies to the case
p; = 1 (and also to the cases p; < 1) at those « for which it and the diagonal entries
of the Dy () have no zero components.

PROPOSITION 4.1. Let & € RN, A > 0 and f € (0,1] be such that

G(&, )\, 1) = 0. (4.8)
Then
N+1
d t<%> #0. (4.9)
Oy k0=11(&X,0)
Proof. Set
10G _ _ - _
bre = =578 = (A Dy (@) Ay 1| Dy (@) P
r Oxyp (&,5,0)

o Ao Dy ()P T ALk

and B = (byy) for k,£ =1,..., N. Note that B is the product of STP matrices and
diagonal matrices with non-negative diagonal entries.
Assume (4.9) does not hold. Thus there exists a z = (21,...,2y41) # 0 in RNV +L

for which
( Gy, >N+1
Oy k=1
We will contradict this fact.

Assuming the above Jacobian is singular, then the above system of equations
may be rewritten, using (4.4)—(4.7), as

z=0.
(&,7,)

T Tk

N
T €T
Zbngg = /\‘Z‘k‘ 1Zk - : ZN+1, (4.10)
(=1
which we will rewrite as
N ~ z T
> breze = Mg (zk - M) (4.11)
— AT

fork=1,...,N, and

N
> iz = 0. (4.12)
(=1



Nonlinear eigenvalue—eigenwector problems for STP matrices 1321

We also have that (&, A, ) is a solution of (4.8). This we may rewrite as
Z bree = M| " iy, (4.13)

fork=1,...,N, and
N N
> dig = if=1. (4.14)

Equations (4.13) are obtained via

N N

Z bieTp = Z(Am‘Dm—l(i)‘pm_l_lAm—l‘Dm—2(j)‘pm_2_1

- - A Dy (@) AL

= (Am| D1 (&) [P Ay 1 [ Dy o (&) [P =271 - Ap| Dy (&) P71 Ar ).
Now we apply
1D1(2)[P i = (Ar@),
and
| D2(2)[P27 1 A (Ar@)PF = (Aa(A1E)"1)P2,

etc.
Set
zZ= (Zl,...,ZN)
(leaving off zx4+1) and recall that

T = (ZL‘l,...,ZZ'N).

If 2= (z1,...,2n) = 0, then (4.10) reduces to
"

0=— ZN+1
r +

for k =1,..., N, which, in turn, implies that 2y = 0. This would contradict the
singularity of the Jacobian and prove (4.9). We will prove that 2 = 0.

Suppose Z # 0. From (4.12) and (4.14), it follows that & and Z are linearly
independent. We divide the remaining proof of this proposition into the two cases:
ZN+1 — 0 and ZN+1 3& 0.

CASE 1 (zny4+1 = 0). In this case, equation (4.11) reduces to
N ~
Z breze = Akl 2k (4.15)
=1

for k =1,...,N. We recall that we also have

N
> brede = AEk|" an (4.13)
(=1
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for k = 1,...,N. Next we shall follow an analysis similar to that in the proof of
proposition 3.1 to obtain, for all («, 3) # (0,0),
S~ (az + Bz) = ST (az + BZ). (4.16)

As we noted in the previous section, equation (4.16) cannot hold for all («, 8) #
(0,0), and thus we are led to a contradiction.
To obtain (4.16), we argue as follows. Firstly,

§* (0@ + B2) < ST({NER" ik + Bz) 1),
since we have multiplied each component of the vector on the left by a positive
value, or made it zero. From (4.13) and (4.15), the above is equal to
ST(B(az + B2)) = ST (Am|Dm—1 (&) [P Ay 1| Do (2) [P =271
A |Dy (&) A (o + BZ)).

From theorem VD (applied to the matrix A4,,), we obtain an upper bound that is
less than or equal to

ST(I D1 (®) [P Ayt [ Do (&) [P =271 - A | Dy (2) [T A (0 + §2)).

As | D, (&)[Pm-1~1 is a diagonal matrix with non-negative entries, it follows that
the above is less than or equal to

ST (Ap1 Do (®)[Pm-27" - Ag| Dy (&) [T A (o + B2)),
which is less than or equal to
ST(Am—1|Dypa(®)[Pm-27" - Ao Dy (2)[P Ay (o + BZ)).

We continue, peeling away the Ay followed by the |Dy_;(&)[P*~1~1, until we finally
reach
ST (aZ + BZ2).
The above argument is valid if none of the vectors along the way are identically
zero. This is because theorem VD only holds for non-zero vectors. Let us therefore
suppose that, somewhere along the way, one of these vectors is identically zero.

Then, necessarily, 5
Nz iy + Bzr) = 0

for k =1,..., N, which we rewrite (since A # 0 and r > 1) as

for k=1,...,N. Thus, if T3 # 0, then
a
Zk = —E.Z'k

(and § # 0). From (4.12) (and (4.14)),

N N o a N a
_ 5 _ = 72 _ 2
=D ; ( 5" > 525 =5

(=1
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and thus a = 0. Therefore, equation (4.17) reduces to

forallk=1,...,N.

Each Ay, is STP and each |Dy(&)|P=~! is a diagonal matrix with positive or zero
entries. As such, it follows that B is an N x N matrix of rank K, which is STP of
order K, i.e. all its X r minors are strictly positive for all r € {1,..., K}. K is, in
fact, the minimum of the IV; and the number of non-zero diagonal entries in each
of the Dy (&). As BZ = 0, this implies, from theorem VD2, that S=(2) > K.

We set & = 1 and § = 0 in the above series of inequalities (in which case, we
always have equality and the vectors never identically vanish), and obtain

= ST (AR(- (Ax(Ar (@) )7 - )Pi)
= S+(Ak("'(Az(A1(m))P1*)P2*...)p;‘;_l) (4.19)

for k = 1,...,m. Equivalently, equation (4.19) may be obtained from (3.3) in the
proof of corollary 3.2, applied to the eigenvalue—eigenvector pair (:\,i) As the
Dy(&) are Ni X Nj diagonal matrices whose diagonal entries are the components
of the vector in (4.19), it follows that

S~ (z)=S5"(z) < K- 1.
Thus, from (4.18) and the above,
K+1<S () +1<#{i: 240} <#{i: 7 =0} <ST (@) <K -1

This is a contradiction. Thus (4.18) cannot hold. This completes the proof of (4.16),
which, in turn, is a contradiction. Thus we have proved the result in the case
ZN+1 — 0.

CASE 2 (zn41 # 0). We recall that, in this case, we have (4.11) and (4.13), i.e.

N s
3 breze = Mz (zk - M) (4.11)
=1 AT

and
N ~
> brede = Nak|" " E (4.13)
=1

for k =1,...,N. We also still have (4.12) and (4.14), which, of course, imply that
the £ and z are linearly independent.

We follow, in general, the analysis of the previous case to obtain, for all («, 3) #
(0,0),

S+<<a— 5ZXN+1>¢+52> < S (ad + f2). (4.20)

r
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Let us assume for the moment that (4.20) is valid. Why does this lead to a contra-
diction?
Assuming (4.20) holds for all («, ) # (0,0), we have the inequalities

(o) (2o

r (
e
o (- 25)e ).

which are valid for all k € Z. As S*(y), S~ (y) € {0,1,..., N —1} for every non-zero
vector y € RV, it follows that

S—<<a— m>i+ﬁi> = S+<<a— %)inLﬁi) =m;  (4.21)
A7 AT

for all £ > K5, and

S—<<a— m>i+ﬁi> - S+<<a— %)ijLﬂi) =my  (4.22)
Ar Ar

for all k < Ks. Assume 3 # 0 (if 8 = 0, there is nothing to prove), divide the
vectors in (4.21) and (4.22) by k, and let k — oo and k — —oo, respectively. Then,
recalling that (A, &) is an eigenvalue—eigenvector pair, and, from corollary 3.2,

S7(&) = ST (),

O’)

we obtain

S_(i) = S+(i) = mip = Mmay.

(See (2.4) in the proof of theorem GK.)
Thus m; = mo and, as a consequence, we have equality throughout the above
series of inequalities for all k € Z. In particular, we obtain

S~ (a& + B2) = ST (a + BZ2) = my

for all (e, B) # (0,0). But this is impossible for linearly independent & and Z, and
a contradiction ensues. Thus it remains to prove that (4.20) holds for all («, 8) #
(0,0).

To obtain (4.20), we argue as follows. From (4.11) and (4.13),

N
St ((a = —6{’“1)@ + 62) <85t ({kar—l (mk + 6<zk = Z1Y+1gzk>> } >
Ar Ar k=1

= S*(B(az + 52)).

We now apply the series of inequalities as in case 1 until we finally reach

S~ (ad + BZ).



Nonlinear eigenvalue—eigenwector problems for STP matrices 1325

As in case 1, the above is valid if none of the vectors along the way are identically
zero. Again, this is because theorem VD only holds for non-zero vectors. The initial
vectors

i and z- X*lg
Ar

are linearly independent, since & and 2z are linearly independent. Thus, if any of
the intermediate vectors are zero, then, necessarily,

X‘i‘k‘r_l |:CY£Z']C + 6<zk — Z§+li'k>:| =0

r

for k=1,..., N, which we rewrite (since X # 0) as

P Ka - m)xk + 6%} =0 (4.23)
Ar

fork=1,...,N.
From (4.23) and (4.14), it follows that if 3 = 0, then o = 0. Assuming § # 0, we

have
2y = —l (a — 6ZN+1>:Z‘¢
5] AT

if Z, # 0. But then, from (4.12) and (4.14),

Thus we must have

P
Ar
Substituting in (4.23) we see that this implies
forallk=1,...,N.
Applying (4.24) to (4.11) we have
ol < z T
D ez = — i EE, (4.25)
= Ar

for k=1,...,N. From (4.25) it follows that
S™(z)=ST(x) =ST(Bz) < S (2).
On the other hand, from (4.24),
ST(E)+1<#{irz #0) <#{i: 7, =0} < ST (),
and thus
S=(2) < ST ().
We have arrived at a contradiction. This proves (4.20) for all («, ) # (0,0) and
completes the proof of the proposition. O
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As we noted before the statement of proposition 4.1, G(x, A, t) is not necessarily
a O! function at ¢t = 0. This is a consequence of the fact that |y|P~! (which appears
in various guises in (4.4)) does not necessarily have a limit as both y — 0 and
p — 1. Of course, if y — y* # 0, then this limit does exist (and equals 1). The
proof of proposition 4.1 in the case where & and A, --- A1&, k= 1,...,m, have no
zero components is much simpler since Tz = 0 for k = 1,..., N implies 2 = 0. We
will not repeat this proof here. In fact, under the assumption of the non-vanishing
of the components of the above vectors we can also apply the above analysis for
any p; > 0, for all 4, with » = py---p,_1. We state this in the special case of
(p1(0),....pm_1(0)) = (1,...,1) as we will first use it to prove theorem 1.1.

PROPOSITION 4.2. Let @ € RN and A\ > 0 be such that

G(z,1,0)=0. (4.26)
Further assume that each of the vectors @ and Ay --- A1, k = 1,...,m, has no
zero component. Then
0\ N+
det <—’“> £ 0. (4.27)
O ) 101 (£,1,0)

We can now prove theorem 1.1.

Proof of theorem 1.1. Let n € {0,..., R—1}. From theorem GK2 the linear problem
has a solution. That is, there exists an € RY and A > 0 for which G(zx, \,0) = 0
and S~ (z) = St(x) = n.

Assume x and Ay ---Ajx, k = 1,...,m, have no zero components. Then from
proposition 4.2 and the implicit function theorem there exists a t* > 0 such that
for all ¢t € [0,¢*) there are continuously differentiable functions of ¢, namely x(¢)
and A(t) for which

G(z(t),\(t),t) = 0.

Furthermore, since S=(x) = ST (x) = nand A > 0, we have S~ (x(t)) = ST (x(t)) =
n for ¢t near 0.

Let £ > 0 be the largest value for which for all ¢ € [0,7) there exist x(t) and A(t)
such that G(x(t), A(t),t) = 0 and S~ (x(t)) = ST (x(t)) = n. We wish to prove our
result for t = 1, and we thus want to show that £ > 1. (In fact £ = co.) Assume
t < 1. There then exists a subsequence t* 1 ¢ such that along this subsequence
x(t*) — & and A(t*) — X. (The boundedness of x(t) is given by (4.3), and that
of A(t) easily proved.) From the limiting process it easily follows that S™(&) <
n < St(&) and G(&, A\, 1) =0. As (\,&) is an eigenvalue—eigenfunction pair we
have from corollaries 3.2 and 3.3 that S~ (&) = S*(2) =n and A > 0. We can now
again apply the implicit function theorem using proposition 4.1, contradicting the
maximality of £.

It remains for us to consider the case where some of the components of x and
Ap--- Az, k=1,...,m, are equal to zero. This is a technical problem which we
overcome by perturbation.

We first appeal to lemma 6.6 in [12]. From the method of proof therein there
exists, for € > 0, small, N x Ni_; STP matrices A}, which tend to A as e | 0,
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and ¢ € RY which tends to & as ¢ | 0, such that

AS . ASzf = )\t

m

where S™(zf) = n, and ° and A5, - - - Ajz®, k = 1,...,m, have no zero components.
We can now apply the previous analysis to obtain a vector ° which satisfies the
result of theorem 1.1 (S~(Z&°) = ST (£°) = n) for p1,...,Pm—1, but with the matri-
ces Ay replaced by Af. We now let € | 0, and obtain (at least on a subsequence) a
limiting vector & and value X which necessarily satisfies

G(&,\,1) =0,
and S~ (&) = ST(&) = n. This proves theorem 1.1. O

If some (or all) of the p; < 1, then the above method of proof is valid at those « for
which none of the components of  nor the diagonal entries of D (x), k =1,...,m,
vanish (see (4.4)). If S=(x) = S*(x) = 0, and (A, z) is an eigenvalue—eigenvector
pair, then & has no zero components, nor do the diagonal entries of Dy (x) for
any k = 1,...,m. Thus we immediately have the following result (which we will
generalize in §5).

PROPOSITION 4.3. Assume the A; are as in theorem 1.1 andr = py -+ - pm_1. There
exists exactly one eigenvalue—eigenwector pair (A, x) satisfying (4.1) with © having
all positive components. Furthermore, if p is any other eigenvalue of (4.1), then
A>p>0.

If x = (21,...,75) € RY and ST (z) = S~ (z) = N — 1, then ;7,41 < 0 and
in particular none of its components vanish. This will also be true for the diagonal
entries of Dy (x) for every k =1,...,m, if each is in R and

SH(Ap(Ag—r - (Ao (Agz)Prr)pes .. Pe-rs)
=57 (Ap(Ap—1 - (Ag(Agz)P7)Pem . )Pemte)
=N-1
These latter equalities will hold when (A, x) is an eigenvalue—eigenvector pair,
St(xz) = S~(x) = N — 1, and each of the A; is an N x N STP matrix. (See,

for example, (3.3) and the method of proof of corollary 3.2.) As such we have the
following.

PROPOSITION 4.4. Assume the A; are N x N STP matrices as in theorem 1.1 and
r = D1+ Pm_1. Then there exists exactly one eigenvalue—eigenvector pair (A, x)
satisfying (4.1) with St (x) = S™(x) = N — 1. Furthermore, if p is any other
eigenvalue of (4.1), then 0 < X\ < p.

Let us rewrite (4.1) as
(A (e (A AP )pes - jomss s = da, (4.29

where we have simply set p,,, = 1/r. (This X is the previous A to the power 1/r.)
The condition py - - - py_1 = 7 is rewritten as
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We have proved theorem 1.1 under the assumption that p; > 1 fori=1,... m—1
(and thus p,, < 1). We conjecture that theorem 1.1 holds for all choices of p; > 0
satisfying (4.29). We can generalize theorem 1.1 to the following cases.

PROPOSITION 4.5. Assume py---pm = 1, and exactly one of the p; is strictly less
than 1. Then the results of theorem 1.1 hold.

Proof. We show that starting with (4.28) we can ‘rotate’ the {p;}",. We do this
by setting
y = (Ajx)Pr*.

Multiplying (4.28) by A; and raising both sides thereof to the power p;x*, we get
(Al (Am( .. (A2y)P2* . )Pm_1*)Pm*)P1* — /\P1y. (430)

If we assume that pr < 1, while all the other p; > 1, then we can rotate as above
until the powers are in the order px+1,...,Pm,P1,-..,Pr. We now raise both sides
of the equation to the power 1/p* and apply theorem 1.1.

Furthermore, it is easily checked that if (A, x) is an eigenvalue—eigenvector pair
for (4.28) with ST (x) = S~ (x) = r, then (A\P*,y) is an eigenvalue—eigenvector pair
for (4.30) with S*(y) = S~(y) = r. Since we may continue to rotate, eventually
arriving back at (4.28), it is also true that if (AP, y) is an eigenvalue—eigenvector
pair for (4.30) with S*(y) = S~ (y) = r, then (), z) is an eigenvalue—eigenvector
pair for (4.28). We apply this type of argument to translate our N eigenvalue-
eigenvector pairs obtained from our application of theorem 1.1 back to (4.28). 0O

If we assume that each A; is an N x N STP matrix (and thus invertible), then
we also have the following.

PROPOSITION 4.6. Assume py--pm = 1, and exactly one of the p; is strictly
greater than 1. If each A; is an N x N STP matriz, then the results of theorem 1.1
hold.

Proof. As the A; are invertible, we shall invert (4.28) and then apply proposi-
tion 4.5.

Inverting each of the A;, and then raising it to the appropriate power, it is readily
verified that (4.28) is equivalent to

Bi(- - (B (a)dm*)am=1 .. )+ — lm’ (4.31)

A
where B; = Ai_1 and ¢; = 1/p;, i =1,...,m. If Ais any N x N STP matrix and
B = A~! then JBJ is an N x N STP matrix, where J is the diagonal matrix with
ith diagonal entry equal to (—1)%. Set C; = JB;J,i=1,...,m, and y = Jz. Then

(4.31) (and thus (4.28)) is equivalent to

C1(- - (Cp () dm*)dm—1% )% — %y (4.32)

Furthermore, S*(z) = S~(x) =i —1if and only if ST(y) = S~(y) = N —i. As
exactly one of the p; is in value greater than 1, then exactly one of the ¢; is in value
less than 1, and we can apply proposition 4.5 to obtain the desired result. O
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5. The non-homogeneous case
In this section we consider the equation
T(x) = A (- (Ag(Aq)Pre)P2r .. Pm—1% = AgT™ (5.1)

where pj---pnm_1 # 7. This equation for m = 2 and Ay = AT (see (1.2)) was
considered by Buslaev in [3]. Buslaev proved (theorem B) for each ¢ € {1,..., R}
the existence of an eigenvalue—eigenvector pair with exactly ¢ — 1 sign changes. The
proof used the inherent ‘adjointness’ of the equation. We conjecture that this result
holds in general. Moreover, as was pointed out by Buslaev, even in this case we
may have non-uniqueness.

Consider, for example, the simple equation

GE)-C) 52

For each solution we have z,y # 0. Therefore, we may assume, without loss of
generality, that y = 1. Thus (5.2) is equivalent to the equation
3r+1
2z +4

T*

For r > 1, there is exactly one positive root z1, 0 < 1 < 1, and at least one
negative root. There is also a value 7 ~ 2.5 such that if 1 < r < 7, then there is
precisely one negative root, while for r > 7 there are precisely three negative roots
(all of which lie in (—2,—%)). For 0 < r < 1 there is precisely one negative root and
at least one positive root. There is also a value 7 &~ 0.112 such that, if 1 > r > 7,
there is precisely one positive root, while for 0 < r < 7 there are precisely three
positive roots. We do not understand exactly what can be said in general. However,
we can partly explain the above in the next two results.

We will first prove that a Perron theorem argument can be applied in the case
7 = p1---Pm. Moreover, this holds without the STP property of the A;. It is only
necessary to assume that each A; is strictly positive (i.e. all the elements of A; are
strictly positive).

THEOREM 5.1. Assume each matriz A; is strictly positive and r = p1-+ pm_1-
Then there exists exactly one eigenvalue—eigenwector pair (N, @) for (5.1) with the
eigenvector  having all positive components. Furthermore, if (1,y) is any other
eigenvalue—eigerwector pair for (5.1), and ||x|l2 = ||yll2 = 1, then X > |u].

Proof. Let A denote the set of all A > 0 for which there exists a non-negative
vector x satisfying ||z||2 = 1 and T'(z) > Ax". It is easily verified that A is non-
empty and bounded. As such it has a supremum which we will denote by Ag.
Let A\; be a sequence of values in A which increase to A\g. By definition there
exist non-negative vectors xj satisfying ||zkll2 = 1 and T'(x) > Apx],. Taking
subsequences, if necessary, we may assume that limy_. . @ = xg. Thus [|zgl2 =1
and T'(xzo) > Aoxg.
We claim that T'(zg) = Aox{. Assume not. Set

yo = (T(z0))"" = A/ "zo.
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As yo is not equal to /\(1)/ "o it follows that
T(yo) > T(/\(l)/rm()) = Agl"'pm_l/TT(mo) = /\glwpm_l/ry(r).

However, |lyo|l2 # 1 and so this inequality does not yet tell us much.
Set
Z0 = @Yo,

where [|zoll2 =1, i.e. a = ||y0||2_1. Thus
T(ZO) = apl"'Pm—lT(y()) > ap1'~'Pm_1/\gl"'Pm_1/7‘y6 _ apl~~~pm_1—rA81~~pm_1/rZO.
Now yo > /\(1)/ng > 0 and therefore

1/r
0

)

1 1/r
== llwollz > X" llofl2 = A

ie. a/\(l)/r < 1. By assumption p; - - - ppp_1 — r < 0. Thus

ap1~~Pm_1—r/\gl"'Pm—1/T > Ao.

We have contradicted our definition of Ag. Thus (Ao, @) is an eigenvalue—eigenvector
pair for (5.1) with xg strictly positive and ||zg||2 = 1. This completes the existence
proof.

If T(y) = py™ and |y|l2 = 1, then setting

lyl = (lyils-- - lynl),

it easily follows that
T(lyl) = |ullyl"

and of course |||y||l2 = 1. Thus by definition A\g > |u]. If A\g = |g/, then we must
have T'(|y|) = Moly|” and y must be a vector of one sign.

It therefore remains to prove that there can only be one eigenvalue—eigenvector
pair having all positive components.

Assume (A, x) and (u, y) are eigenvalue—eigenvector pairs having all positive com-
ponents, with ||z||2 = ||y|l2 = 1, z, y linearly independent, and A < p. Choose a > 0
such that ax — y remains a positive vector, but yx — y is not positive for every
v < a. Note that as ||z|2 = ||y|l2 = 1 and «, y are linearly independent, it follows
that a > 1. Since the A; are strictly positive matrices we have

aPt=Pm—i)g” = T(ax) > T(y) = py".
Thus, the vector AaPrPm-1g” — yy” is strictly positive, implying

1/r
(%) QP Pm1/T S

Asr>p1- -pm_1 and a > 1, this implies that
A> .

But this contradicts our assumption. Thus there is at most one eigenvalue—eigen-
vector pair (A, &) with the vector « having all positive components. O
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If the A; are N x N STP matrices, then we can invert (5.1), as in proposition 4.6,

and then apply theorem 5.1 to the smallest eigenvalue. We then obtain the following
corollary.

COROLLARY 5.2. Assume each A; is an N x N STP matriz and p1---pm_1 =
r. Then there exists exactly one eigenvalue—eigerwector pair (A, x) for (5.1) with
St (x) = S~(x) = N—1. Furthermore, if (u,y) is any other eigenvalue—eigentector
pair for (5.1), and ||z||2 = |lyll2 = 1, then X < |u].
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