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Abstract. The paper studies singular eigenvalue problems for the equation y™ + Ap(x)y = 0 with
boundary conditions imposed on the derivatives y(¥) at the points x = a and x = oo. We look for singular
problems which are analogous to regular problems on a finite interval. It is characterized when each
eigenfunction has a finite number of zeros and when the spectrum is discrete or continuous, respectively.
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1. Introduction
Eigenvalue problems for the differential equation
Y+ Ap(x)y =0 (1.1)

where p(x) is a continuous, one-signed function on [a,b] and various boundary
value conditions, like

L i=0,...n—k—1, (1.2)
or

yi(a) =0, i=0,... k-1,

YO(b) =0, i=k...,n—1, (1.3)

are well known ([10], [7], [4]). A typical result is that there exists an infinite
sequence or eigenvalues \;,

0< (—1)"* "\ sgn[p] < (=1)" " N\ysgn[p] < -+,
[Ail = 00 as i— oo,

and the i-th eigenfunction has precisely i — 1 simple zeros in (a, b).
Naito [11] investigated equation (1.1) with even n, A > 0, p(x) > 0 on [a, o0) and
the singular boundary conditions y(a) =0, y)(c0) =0, i=1,...,n—1, and
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proved the existence of eigenvalues and eigenfunctions with similar properties. In

this work we assume that p(x) is one signed on [a, 00), 1 is an arbitrary integer and

ask for which other singular eigenvalue problems on the infinite domain [a, co) the

spectrum {)\;} and the zeros of the eigenfunctions behave as described above.
Several questions arise:

(1) Is there a natural singular boundary value problem which is similar to the
regular problems (1.1), (1.2) or (1.1), (1.3)?

(2) Which assumptions ensure eigenfunctions with finite number of zeros in
(a,00)?

(3) Which assumptions ensure a discrete spectrum?

(4) Are these conditions also necessary?

The answers are not obvious and the generalization from regular boundary
conditions (1.2) or (1.3) to singular boundary conditions by sending the endpoint
b to +o0 is not straightforward. Even for second order equations, this may lead to
limit circle/limit point problems. Various boundary conditions of mathematical
physics (like “the solution is bounded at a singular point™ or “the solution is at
most of polynomial growth”) lead to either discrete or continuous spectra.

A central point in this work is to understand the difference between regular and
singular boundary value problems. The second point is to show that one and the
same set of singular boundary conditions may lead to essentially different phe-
nomena for various coefficients p(x). Our results are formulated and summarized
in Theorems 1, 2 and 3 later in this section. The theorems are highlighted by
several examples in the last section. A few technical details which are common
to singular and regular boundary value problems are borrowed from [2] (or [4]).

We begin with a careful analysis of questions (2), (3) and (4) which will lead us
to the formulation of suitable boundary value problems. Our starting point is the
requirement that the sequence of eigenvalues of the wanted problem is unbounded
and that each eigenfunction has a finite number of zeros in (a,c0). Since
y" = —Ap(x)y, it follows that not only y but also each of its derivatives has a
finite number of zeros. So there exists some xo = xo(\) > a, such that y() (x) # 0 on
[x0,00) foralli = 0, ..., n. Consequently, by the lemma of Kiguradze, there exists
a certain integer g such that y (or —y) satisfies

y>0, i=0,...,q,
(-0 >0, i=gq,...,n, x5 <x<o0. (1.4)

Since we expect that our boundary conditions will include vanishing of some
derivatives at both endpoints a and co, the cases ¢ = 0 and g = n, i.e.,

(-0 >0, i=o0,...,n, (1.5)
and
yi>0, i=0,....n, (1.6)

respectively, must be excluded. Indeed, if (1.5) holds at some point x = x; this
prevents the vanishing of any derivative for x < x;, while a solution which satisfies
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(1.6) at x = x; can have no derivative which vanishes in (x;, cc]. Thus, we assume
from now and on that 1 < g <n — 1. Moreover, by ym = —Xpy and (1.4) it
follows that the integer ¢ must satisfy

sgn[—Ap] = (=1)"". (1.7)
Inequalities (1.4) are equivalent to the (g, n — g)-disfocality of equation (1.1)
on [xo, 00), namely, that for every «, (3, xo < o < 3, the boundary conditions
y(i)(a) =0, i=0,...,9—1,
Y(B)=0, i=gq,...,n—1, (1.8)

have no solution y# 0. Next recall the following result about disfocality
[2, Theorem 7.11]:

If equation (1.1) is (g, n — q)-disfocal on an interval and 1<k <gq,
k=g (mod 2), then the equation

(e

is (k, n — k)-disfocal on the same interval. If n — 1 =2 k = q, k=q (mod 2), then

the equation
P/ o

is (k, n — k)-disfocal there.

According to our assumptions, equations (1.1) is (¢,n — g)-disfocal for some
integer g and for arbitrary large values of A on some [xy()), o). It follows from the
last remark that (1.1) is also (k,n — k)-disfocal on some other infinite ray
[xo(\'),00), where the suitable X' is determined by (1.9) or by (1.10). Conse-
quently, equation (1.1) must be eventually (k,n — k)-disfocal for every value of
X and every k such that sgn[—Ap] = (—1)""*. In other words, equation (1.1) must
be eventually disconjugate for every value of A.

This last property is completely characterized [3]:

Proposition 1. Equation (1.1) is eventually disconjugate for every value of A if
and only if

lim (ﬂalj sa|p(s)|ds> =0 (1.11),,

X

for some o < n— 1.
If (1.11),, holds for some c, then (1.11) holds for every 3, 3 <n — 1. However,
the implication (1.11), — (1.11); is in general false for c <n—1, 3=n— 1.

It is clear that &« = n — 1 plays a special role in (1.11),,. Indeed, fora =n — 1,
(1.11),, reduces into the integrability condition

JOO " Hp(s)|ds < oo, (1.12)
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which is a well known necessary and sufficient condition for every solution of
equation (1.1) to be asymptotic to some polynomial of order smaller than n [1]. It
will turn out that the difference between (1.11),, with & <n — 1 and (1.12) plays a
critical role in our eigenvalue problems.

Inequalities (1.4) and their close relation with the boundary conditions (1.8)
suggest to consider singular boundary conditions of the form

lim y (x) =

X—0Q

L i=k...n—1, (1.13)

for some fixed integer k, 1 <k <n— 1, sgn[-Ap] = (—1)" . Henceforth, we
study the eigenvalue problem (1.1), (1.13).

Up to here the analysis relied only on the assumption that each eigenfunction
of the problem that we look for has only a finite number of zeros. The next stage
deals with the question when do the eigenvalues form a discrete set.

Proposition 2. Let equation (1.1) be eventually disconjugate for every value of
A. A necessary condition for the problem (1.1), (1.13) to have a discrete set of
eigenvalues is (1.12). If (1.12) does not hold (but (1.11), holds for some
a<n—1), then (1.1), (1.13) has a nontrivial solution for every \ 0.

In fact we prove a result about the behaviour of the solutions of (1.1) near
oo, which is a key ingredient of this work and implies Proposition 2
straightforwardly:

Proposition 2. If (1.12) holds then the n — k singular boundary conditions

lim y?(x) =0, i=k,...,n—1, (1.14)

X—00

are satisfied by precisely k linearly independent solutions of (1.1). If (1.12) does
not hold but (1.11),, holds for some oo <n — 1 and X # 0, then (1.14) is satisfied by
k + 1 independent solutions of (1.1).

This implies Proposition 2 immediately. Indeed, if (1.12) does not hold and
A # 0, then some combination of the mentioned k + 1 solutions satisfies the k bound-
ary conditions of (1.13) atx = a, hence boundary conditions (1.13) have a nontrivial
solution. Consequently (1.12) is necessary for a discrete spectrum of (1.1), (1.13).

Proposition 2’ will be proved at the end of the section. Now we can formulate
the main results of this work which describe the behavior of eigenvalue problem
(1.1), (1.13) under assumptions (1.12) and (1.11),,, respectively. We have already
concluded:

Theorem 1. (a) A necesssary and sufficient condition for equation (1.1) to have
a solution with a finite number of zeros for arbitrary large values of A (other than
(1.5), (1.6)) is that (1.11),, holds for some o, « < n — 1.

(b) A necessary condition for the eigenvalue problem (1.1), (1.13) to have a
discrete sequence of eigenvalues is (1.12).
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Our main results are the following:

Theorem 2 (Discrete Spectrum Case). When (1.12) holds, then the eigenvalue
problem (1.1), (1.13) has a sequence of eigenvalues {\;} which satisfies

0<(—1)"* A sgn[p] < (—=1)"* " Nysgn[p] < -+,

|IA\i| = 00 as i— oo.

To each eigenvalue \; there corresponds an essentially unique eigenfunction, and
it has precisely i — 1 simple zeros in (o, 00).

Theorem 3 (Continuous Spectrum Case). Suppose that (1.11),, holds for some
a<n—1 but (1.12) fails to hold. Then for every A#0, such that
sgn[—\p] = (—1)"7](, there exists an essentially unique eigenfunction y(x, A) of
the eigenvalue problem (1.1), (1.13).

Moreover, there exists a sequence a numbers \;, sgn[—\;p] = (—1)"_k, such
that for |N\i—1| <|A| < |Ail, y(x, X) has exactly i — 1 simple zeros in (a, o).

In the discrete case (1.1), (1.13) describe a proper eigenvalue problem similar
to the regular problem (1.1), (1.3). In the continuous case (1.1), (1.13) is not a
typical eigenvalue problem in spite of its external shape. Its distinctive feature is
the stepwise growth of the number of zeros in spite of the continuous spectra.
Theorems 2 and 3 are proved in Sections 2 and 3, respectively. The difference and
similarity between the two cases will be discussed in Section 4. Examples 1, 2 and
3 of Section 5 demonstrate the Discrete Spectrum Case while Example 4 shows the
Continuous Spectrum Case.

We close the section by the proof of Proposition 2'.

Proof of Proposition 2'. This proposition brings forward the essential differ-
ence between the n — k regular boundary conditions yi) (b)=0,i=k,...,n—1,
of (1.3) and the analogous n — k singular boundary conditions (1.14). While the
n — k regular conditions are obviously satisfied by exactly k solutions, we show
that the number of solutions which satisfy the n — k singular boundary conditions
(1.14) depends on the behaviour of p(x). For this we quote a detailed description of
the behaviour of all solutions of (1.1) near +oo:

Proposition 3. There exists a basis of solutions {ug,...,u,—1} of equation
(1.1) such that if the equation is eventually (q,n — q)-disfocal for some
1 <g<n-—1,sgn[-\p] = (—1)""7, then the two solutions u,_, u, and all their
linear combinations satisfy inequalities (1.4). Moreover, their Wronskian
W(uy—1,u,) is positive on (a,c0). The elements of this basis depend analytically
on \.

If (=1)"\p>0 then the solution ugy (which corresponds to q = 0) satisfies
(1.5). If A\p <0 then, for q = n, the solution u,_, satisfies (1.6).

The proof of Proposition 3 is given for an arbitrary equation of type (1.1) in
[2, Chapter 8]. For nonoscillatory equations see [9]. Each u; is analytic in A since it
is obtained as a limit of solutions which are analytic in A and converge uniformly
on compact intervals.
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Now we return to the proof of Proposition 2’. If a solution y satisfies inequalities

(1.4) (for example, u,_; and u, do this), theny,y’, ..., y@=1 are positive and increas-
ing, y@, —ylath  (=1)""%"'y(=1) are all positive and decreasing. Therefore
VY oo,
DL 2] YN 0 as x — oo, (1.15)
However, for the increasing y(9~!) and the decreasing y(9), both possibilities
YU >0 or y9V 7 4oo, (1.16)
YN0 or Y9N\, >0, (1.17)

can occur. In every case the bounds
0<Ax?T' <y(x) <BxY, xy<x<oo,

hold for some suitable 0 <A < B.

Any solution which satisfies (1.15) withg = k — 2,k — 4, ..., automatically satis-
fies the singular boundary conditions (1.14), while (1.15) withg =k +2,k+ 4, ...,
makes (1.14) impossible. Hence uy, . . . , uy_, and their nontrivial combinations always
satisfy the boundary conditions (1.14) while w1, ..., u,_1 never satisfy (1.14).

This leaves us with uy_1, i, which obey inequalities (1.4) with g = k. Do they
satisfy boundary conditions (1.14)? While we know that both u;_;, u; satisfy

(*k-2) _, o, YD) yk2) )

Y

VoY oo,y

the behaviour of the (k — 1)th and kth derivatives of wu;_1, u at +oo is not
determined yet due to (1.16), (1.17) with g = k.

Let us apply the details of Proposition 3 for the two solutions u;_, u. Since
W (uy—1,ux) >0, ug_1 /uy is monotone and tends to some limit L, finite or infinite.
By interchanging their role or replacing u;_; by u;_; — Lu;, we may assume
without loss of generality that u;_1/u; — 0, i.e., u;_ is the “small” solution
which satisfies (1.4) and u; is a “large” one. It follows that also u,@l /u,(c’) —0
for i =0,...,n— 1, in particular u,@l/ u,(ck) — 0. This shows what happens in
(1.17) with g = k: At least the ““small” u;_; must always satisfy u,(cli)l — 0. It
remains to decide the behaviour of the ‘““large” u;, whether

u,((k>\0 or u,((k)\c>0.

These two possibilities are easily distinguished. As mentioned before, a solution
(and every solution) of (1.1) is asymptotic to a polynomial, or more precisely

i
W, X . .
u; Ni(i_i_l)!, i=0,...,j—1,
uj@ ~ o(x 1), i=j,...,n—1,

if and only if (1.12) holds or if A = 0. (Note that the case A = 0 is the same as
p(x) =0, hence it always belongs to assumption (1.12)). The sufficiency follows
from well known results about perturbations of arbitrary linear equations. For its
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history see [1, p. 54]. The necessity of (1.12) is discussed in [8, p. 136]. For our
problem this means that ukk> — ¢>0 if and only if (1.12) holds, otherwise
ukk — 0. Thus, u;_;, u; behave as following: If (1.12) holds then u;_; satisfies

u,((izl—>oo, i=0,...,k—2,

u V= c>o,

ul =0, i=k,...n—1, (1.18)
and u; satisfies

u,@—»oo, i=0,...,k—1,

u,((k) — >0,

u!) — 0, i=k+1,...,n—1, (1.19)
while if (1.12) does not hold (but (1.11),, holds) and A # 0, both u;_;, u; satisfy
u — oo, i=0,....k—1,

u? -0, i=k...,n—1. (1.20)
We summarize our analysis of the singular boundary conditions (1.14):

If (1.12) holds then precisely the k solutions uy, ... ,u,—; satisfy the singular
boundary conditions (1.14). If (1.12) fails to hold but (1.11), holds and X # 0,

then the k + 1 solutions ug, . . . ,ux_1, uy satisfy the singular boundary conditions
(1.14).
This completes the proof of Proposition 2’. ]

2. The Discrete Spectrum Case

The proof of Theorem 2 is divided into a long sequence of steps, each one
proving another detail. The equivalence of eventual disconjugacy for all A and
(1.11),, had been already proved and summarized in Proposition 1. The necessity
of the integrability condition (1.12) for discrete eigenvalues was proved in Propo-
sition 2. Its sufficiency will be treated here.

(i) A basis of solutions. When the integrability condition (1.12) holds we need a
description of a basis of solutions which is more detailed than that of Proposition 3:

Suppose that (1.12) holds and an interval [\, A;] is given. There exists a point

Xo = xo0(A1, A2) and a basis of solutions {uo(x, \), ..., u,—1(x,\)} such that each
up(x,\), £ =0,...,n— 1, is continuous for (x,\) € [xg,00) X [A1, Ay, it satisfies
1 up(x, \
5 < 15/63 <2 on [xp,00) x [A1, Ao] (2.1)
and
A
fim 5N (2.2)

x—o0 xt/(!
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and the convergence in (2.2) is uniform in A€ [Ay, As]. Moreover, ug(x, \) /x" is
uniformly continuous on |a,o0) X [Ay, Az], a>0.

This is shown by a standard fixed point argument and we only emphasize the
uniform estimates (2.1), (2.2) which are critical for the next steps of the proof. In
the following discussion let ¢ be a fixed integer, 0 < £ < n — 1. uy(x, \) will be
characterized as the unique solution of the integral equation

X X (y — 7)1 0 (g _ )itl
u(x) = 7 + (= )n—é/\J <(£_ i)' (J <(n_€>_ 1)!p(s)u(s)d8> dr. (2.3)

Let the right hand side of (2.3) be denoted by T'[u] and choose x, sufficiently large
so that

max(|Aq], |Az]) J s"p(s)|ds < 1/10.

Xo

Let B be the space of continuous functions on [xg, o0) with the norm

u(x)
[|ul| = sup
- /0!
and K C B the convex cone
1
K= {u - < ;tz(/xé)' <2on [xo,oo)}

For u€ K we have u(x) < (2/0)x'
lo's} s T n—f—1
‘)\L ((,1_5—)_1)!P(S)M(S) ds

for 7 > xo. Hence it is easily seen that T'[u] € K. Moreover, T is a contraction of K
since

200
< max(|Adl [As g |5 (o) ds< 1/

max Al N A
T[] — T[] —xes[ilo?m)‘—a (xf/é! 2
=) T (s =) u(s) —v(s
[ = ([ e e )

dr

x x—7""1
< Jju — v sup

X € [x0,00) ‘XZ/E' X0 (é_l)' g

< g”” - DHv

so that T has a unique fixed point in K which is a solution of the integral equation
(2.3). It is straightforward to see that the solution of the integral equation (2.3) is a
solution of the differential equation (1.1) such that

u([)(x) -1+ (_1)ng/\JOO (s —x)”*éfl

P ds =1
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andu') — 0,i=/¢+1,...,n— 1asx — oo. This is the required solution us(x, \).
Once uy(x, A) is defined on [x(, 00), we extend it to [a,xp]. The same argument is
repeated for each £ =0,...,n — 1.

According to the well known proof of the fixed point theorem for contractive

operators, the iteration zo(x) = x/, z; = T[z;_1], i = 1,... converges to the unique
fixed point uy so that ||z; — ue|| < (1/5)||zi=1 — ue||, i-e.,
i(x) — A 1 i - A
wp [SZHN | 1 |t i)
X € [x0,00) x/g Sxe[xo.oc) x/f
This means that the sequence z;(x)/x‘, i =1,2,..., converges uniformly on

[x0,00) to ug(x,\)/x". Since each iteration depends analytically on ), so does
the limit function.

(2.1) and (2.2) follow from the above estimates. The uniform convergence
of (2.2) is shown similarly. First take x; = xo such that max(|A;],|Az|)

xolc s"Yp(s)|ds < ¢ and fix x;. Then by the above estimates,

M[(X, /\)
xt /e

—1'<5

for all x € [x1,0), A€ [A;, Az] and the uniform convergence of (2.2) follows.

By the above discussion we get that us(x, \)/x’ is uniformly continuous on
some [x1,00) x [Ay, Ay]. Next consider the quantities u,” (x,A), i =0,...,n — 1,
as initial values at the fixed point x;. Since they depend continuously on A, it
follows by standard properties of initial value problems that u,(x, A) is uniformly
continuous also on [a, x;] X [A}, Aa]. Thus u,(x, A)/x" is uniformly continuous on
the whole [a, 00) x [A1, Az], a>0.

(ii) The solution y(x, A). Consider a set of n — 1 singular boundary conditions

»(a)
lim y(x)

X—00

=0, i=0,....k—2,
=0, i=k...,n—1, (2.4)

which is generated from (1.13) by the omission of one boundary condition at
x = a, namely y*~1(a) = 0. For every X there exists a solution y(x, \) of (1.1),
(2.4). Indeed, it was already seen that the n — k boundary conditions at x = oo are
satisfied by each of the k solutions ug,...,u;—; and there exists some linear
combination of them which satisfies also the k — 1 boundary conditions of (2.4)
atx = a.

The purpose of y(x, \) is to characterize the eigenvalues as those values of A
for which the omitted n-th boundary condition y*~!)(a) = 0 is satisfied. The main
steps of the proof are as following: first we show that y(x, \) is essentially unique
and it depends analytically on A. Next it is shown that y(x, \) may have only
simple zeros in (a,00) and that their numbers increase indefinitely as A grows.
Finally it is proved that the suitable sequence of eigenvalues {);} indeed exists and
the number of zeros of the corresponding y(x, );) is determined.
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(iii) The uniqueness of y(x, \) and its dependence on \. To investigate y(x, A),
we adopt a technique which is widely used in [2]. For each solution y we wish
to count the number of sign changes among the terms of the sequence y(x),
¥ (x),...,y"(x). As some of these terms may vanish at certain isolated values
of x, we rather do this on a small right hand side neighbourhood of x, and define V' (x)
as the number of sign changes in the sequence

y(x+e)yY(x+e),....y"(x+e),

as € \, 0. The function V(x) is well defined on the domain of definition of the
solution y, it is integer valued, and since the first and last terms in the sequence are
related by y") = —A\py, V(x) is even or odd according if —\p is positive or
negative. That is,

(—1)"™ = sgn[-)p]. (2:5)

The main property of the sign changes is that for each solution y of (1.1), the
corresponding function V(x) is a nonincreasing step function of x.

This property results from a simple variation on the Budan-Fourier theorem
[5, p. 83]. We only outline the idea of the proof as we follow closely [5]. Let y be a
solution of (1.1). The corresponding function V(x) is clearly constant on any
interval where y\)(x) # 0, i = 0,...,n. What happens as x crosses a point xo such
that xo is a zero of y\9) of multiplicity m and y~V(xo) #0,¢ > 1,0<m<n — q?
The first and the last terms of the sequence

y(q’”(x),y(q) (x), ..., Y (x),

do not change their signs as x grows from xy — € to x + ¢, so the parity of V(x)
remains fixed. The signs of the terms y@)(x), y¢*V(x),...,y@"") (x) alternate at
x=xp—¢ and all these terms have the same sign at x = x9 +&>0, so V(x)
decreases by m as x grows from x =xyp — ¢ to x = xp + ¢. Between the terms
¥y (x), y\9)(x) there is either a loss or a gain of change of sign as x grows,
depending on the sign of y\¢=1) (xo)y*™ (xo) # 0. Hence V(x) decreases by m or
by m £ 1 (or is possibly unchanged if m = 1). In any case the decrease is by an
even number.

If xo is a zero of y then also y) (xo) = 0 and we have to discuss the case when

Y9 (x0) = =y"(x0) = y(xo) = --- =y D(x9) =0,

Y (x0) # 0,57 (x0) #0, r<gq,
in a cyclic order. This is discussed similarly. Hence V(x) is a nonincreasing step
function of x.

The role of V(x) is clarified if we calculate it for an eigenfunction y of (1.1),
(1.13) (if such y exists). By the boundary conditions at x = a, it is clear that y,

y,...,y% all have the same sign on a small right neighborhood of a, so
V(a) < n — k. On the other hand, by the boundary conditions at x = oo and since
the y()-s have no zeros near oo, it is clear that y/)y(*1) <0, i =k,... ,n — 1, near

x=00. So V(x) = n—k for large values of x. Since V(x) in nonincreasing,
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V(x)=n — k on (a,0). This enforces that
sen[—Ap] = (—1)""" (2:6)

which is compatible with our choice in (1.13) and the sign of the eigenvalues A, if
they exist, is determined by the boundary conditions (1.13).

Now we calculate V(x) for the solution y(x, \) which is defined by (2.4). By
the k — 1 boundary conditions of (2.4) at x = a, it is clear that V(a) <n —k + 1
and by the n — k boundary conditions at x = oo, it follows that V(x) > n — k for
large values of x. Since V/(x) is nonincreasing, n —k < V(x) < V(a) <n—k+ 1.
In addition, the parity of V(x) is determined by (2.5) and (2.6), so it follows that

V(x)=n—k on [a,00) fory=y(x,\). (2.7)

Since y = y(x, A) = Zf;ol ciui(x, \), it is asymptotic to some polynomial of
order h, h < k — 1. Therefore y)(x,\) = 0, i=h+1,...,n— 1 as x — oo and
since these derivatives are eventually non vanishing, we have y((x,)\)
YD (x, \) <0 for i=h+1,...,n— 1. Consequently V(x)=>n— (h+1). On
the other hand V(x)=n —k, so h >k — 1. Thus h = k — 1 and

y(x,\) ~ const x*71. (2.8)
Consequently y(x, A) may be normalized by
Y& (00) = 1. (2.9)

The recent considerations imply that the solution y(x, A) is essentially unique. For
if there would be two such linearly independent solutions, some linear combina-
tion of them would violate (2.8) but would still satisfy boundary conditions (2.4), a
contradiction.

Once it is known that y(x, \) = Ef‘;ol ciu; is essentially unique, it may be
represented as a determinant

up(x, A) o w(x, )
T e
W@ - @

This verifies the analytic dependence of y(x, A) on A. In fact, y(x, A) is real ana-
Iytic, since our analysis holds only for A restricted by (2.6). We also see by (2.8)
that the cofactor of u;_;(x, \) in the determinant (2.10) must be nonzero, and after
the normalization (2.9) it is identically 1.

(iv) The zeros of y(x, \) are simple. Suppose that y(x, \) (or one of its deriv-
atives) has at a point xo of (a,00) a zero of multiplicity m > 2. According to the
previous section V(x) decreases at xq by an even integer which is at least m — 1, i.e.,
at least by 2. But this is impossible since V(x) =n — k for y = y(x, A), so y(x, \) and
its derivatives cannot have any multiple zero in (a, o).

(v) The zeros of y(x, \) are uniformly bounded for A\ €[A;, A;]. Recall that
¥, A) = 32570 ei(M)ui(x, A). By the normalization (2.9) of y(x, A) and the property
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(2.2) of the basis, we have ¢;_1(\) = 1. Moreover, according to the representation
(2.10), c;(A) are continuous and so |¢c;(A)| <M, i=0,....,k—2, Ae[A},Ay]. Tt

was proved in (i) that each u,(x, \)/x’, £ = 1,2, ..., is uniformly continuous on
[a,00) x [A1, \2], a>0. Consequently, also
k=1
(%, \) ‘
Y. (A ”:(x? —(k—1-i)
M =3 )

is uniformly continuous on [a, 00) X [A1, A3].
Now we wish to show that the zeros of y(x, \) are uniformly bounded for every
A€ [A1, Az]. Let x, = max(xg,4Mk!). Then, using (2.1), we have on [x;, 00)

k—2 ‘

> a(Nuilx, )

i=0

k=2
<A e
P

[y(x, A) — w1 (x, A)| =

i 7)\ —(k—1—i
M‘x (k-1-)
xl

k—2
<xk_1 ZM(Z/I')XZ_I <k(2M/X2).X'k_1 < m
i=0 (k—1)!

Consequently, by the left hand side of (2.1),
k=1
A 1 A) —=—=>0
Yy, A) > e (x, A) =11 >
on [x;,00) for all A€[A}, A;] and all the zeros of y(x, ), if any, are in [a,x,).

(vi) The zeros of y(x,\) for small \ and for large \. In (v) we verified
that y(x, \)/x*~! is uniformly continuous on [a,00) x [0,A]. But y(x,0) =
(x—a)*'/(k—=1)1 %0 on (a,00) and has precisely k — 1 zeros at x = a, so
y(x,\) may have no zero in (a, o) for sufficiently small values of .

For sufficiently large values of A, we apply the following result [2, Lemma 10.2]:

Given a family of solutions y(x,\) such that none of them satisfies (1.5)
(f Ap(x) <0) or (1.6) (if (—1)"Ap(x) <0), then on any given interval y(x, \)
has a zero provided that |\| is sufficiently large.

Our family y(x, \) is of this type since V(x)=n — k # 0, n for y(x, \). Conse-
quently y(x, A) has arbitrary many zeros in (a, o) for sufficiently large values of A.

(vii) The existence of eigenvalues. We follow a method used in [11]. For each
i=1,2,...let

Li = {\|(=1)"*\p <0,y(x, \) has at least i simple zeros in (a,0)}.

L; is nonempty, since according to (vi), y(x,A) has arbitrarily many zeros for
sufficiently large values of A\. L; is an open set since the number of the simple
zeros of y(x,A) in (a,00) is preserved under a small change of A. For sake of
simplicity let us assume that the relevant values of A in L; are positive and put
A; = inf L;. (In the opposite case, when A <0, take A\; = supL;). Our aim is to
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show that ); is an eigenvalue of (1.1), (1.13), y(x, \;) is the corresponding eigen-
function and it has precisely i — 1 zeros in (a, 00).

By the discussion above, 0 < \; < oo and, due to L; C L;y;, we have \; < ;.
From now on let i be fixed. Choose a sequence pu;(j)€L;, j=1,2,..., which
converges to A\; = inf L; as j — co. By the definition of L; each of the solutions
y(x, pi(j)) has at least i zeros in (a,00), all of them simple, say
a<zi(j) < --- <z(j). Since w;(j) €0, \; + 1] for all j, it follows by (v) that all
the zeros z;(j), ...,z (j),j = 1,2, ... are bounded in a fixed interval [a, x|, where
X, is independent of j (but is determined, of course, by \;).

Let us extract convergent subsequences of the sequences {z;(j)}, ..., {z()}
which will be denoted, without loss of generality, by the same notation. Then
z21() — z1,---,2(j) =z as j— oo. Of course a <z3 < -+ <z < x. Since
y(x, 1i(j) — y(x, \;)) as j— oo as well as their derivatives, it follows that
21,-..,2; are i zeros of y(x,);), multiplicities counted. But by (iv) the zeros of
y(x,A;) in (a,00) are simple, so a < z; < --- <z. If z; # a, then y(x, \;) has at
least i simple zeros in (a,x; + 1). Due to the continuous dependence on A, y(x, \)
has also i simple zeros for all A sufficiently close of );, contradicting the definition
of \; as inf ;. Consequently we must have z; (j) \, z; = a and y(x, ;) may have at
most i — 1 zeros in (a, o).

Every y(x, ) has, according to (2.4), at least k — 1 zeros at x = a and since
z1(j) \\ @ as j — oo, it follows that y(x, );) has (at least) k zeros at x = a. No zero
other than z;(j) can tend to x = a as j — oo otherwise y(x, ;) would have more
than k zeros at x = a, which contradicts (2.7). So the zero of y(x, \;) at x = a is
exactly of multiplicity k. Thus y(x, );) is an eigenfunction of (1.1), (1.13), and it
has precisely i — 1 zeros in (a, 00). This characterization shows that A; < A;yy.

The sequence ); is unbounded. If, on the contrary, \; € [0, A] for all i, then
Ai — X and we could extract from the sequence y(x,);) a subsequence which
converges to a nontrivial solution y(x,\) of (1.1) with infinitely many zeros in
some [a,x,], which is impossible.

(viii) These are all the eigenvalues. Are these \;-s all the eigenvalues of (1.1),
(1.13) or perhaps there are additional ones which are not tractable by the process of
(vii)? More explicitly, it is pointed out in (vii) that when \ € L; decreases toward
inf L;, the first simple zero of y(x, \) in (a, c0) tends to a. Is this the only way that
zeros of y(x, A) meet x = a or are there more values of A, other than the numbers
inf L;, for which some zeros may meet x = a and thus generate additional eigen-
values and eigenfunctions?

This question is not elaborated in [11]. It may be shown as in [2, Lemma 10.6] that
there exists only one eigenfunction which has precisely i — 1 zeros in (a, c0). Hence
the above scenario never happens and all eigenvalues are indeed obtained by (vii).

This completes the proof of Theorem 2 (Discrete Spectrum Case). ]

3. The Continuous Spectrum Case

In this section we prove Theorem 3. It is assumed that (1.11),, holds for some
a <n — 1but (1.12) does not hold and that A # 0. In this case all solutions of (1.1)
are nonoscillatory but none of them is asymptotic to any polynomial.
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It was proved in Proposition 2’ that for every A # 0, sgn[—Ap] = ( —1)"*, the
k + 1 solutions uy, . . . , uy satisfy the n — k singular boundary conditions of (1.13)
at x = oo and some linear combination of them satisfies the k boundary conditions
of (1.13) at x = a. Thus, for every A # 0 the boundary value problem (1.1), (1.13)
has a solution, say y(x, \) = S_5_ cius. For A = 0 this does not hold, since only k
solutions satisfy (1.14) and, as mentioned in the proof of Proposition 2/, A =0
belongs to the discrete case.

There are similarities and differences between the discrete and continuous
cases. For the present y(x, A), we see as in (2.7) that

Vix)=n—k, a<x<oo, (3.1)

and the zero of y(x,\) at x = a must be precisely of order k. Consequently we
conclude that y(x, \) is essentially unique and it may be represented as

uo(x, /\) cee uk(x7 )\)
yx ) = uo(c'l, A) . ur(a, \) (3.2)
@)

As in Section 2(iv), the zeros of this y(x, \) are simple, too.
The normalization of y(x, \) is completely different from that in the discrete
case. Since

YW A) =00, (A =0 asx— oo,
no normalization at x = co makes sense. Instead, a proper normalization may be
YW(a,\) =1.

In contradiction with the discrete case, we do not claim here uniform conti-
nuity of y(x, A) on [a, 00). All we can say is that when A — A, y(x, \) converges to
y(x, A), uniformly on compact intervals. See [3, Example 1].

We neither claim that the zeros are uniformly bounded for A € [A;, A;]. In fact,
the opposite is true and this is a key ingredient in the understanding of the Con-
tinuous Spectrum Case. This is discussed next.

(i) How do the zeros of y(x, \) vary? As in Section 2(vi) we conclude that
y(x, ) has arbitrary many zeros in (a, co) for sufficiently large values of A\. Where
do these zeros come from as A varies?

Since y(x, \) is continuous in A and its zeros in (a, 00) are always simple, these
zeros are continuous functions of A. Due to their simplicity, the zeros cannot
appear by splitting from double zeros (or disappear by coalescing into double
zeros). Thus their number may change as A varies only as they enter or leave
the interval (a, o) through its endpoints. But since the zero of y(x, \) at x = a is
precisely of order k for every A, no additional zero may approach a. Thus a zero
is added to y(x, A) in (a,c0) only when it enters the interval through x = oo.

Let z(l())()\) < zgo)(/\) << z,(l()) (A) be all the zeros of y(x, A\) which approach
400 as A tends to some A. Due to the k boundary conditions y)(a) =0,
i=0,...,k—1, the derivatives y®(x,)\), i=1,...,k, also have zeros
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Wl <o <

A <D <) < D

such that

<<=,k

Smce their total number is unknown yet, we agree that z<) denotes the zero of
y®(x, \) which is closest to z\i~!) on its left hand side. Due to the n — k boundary
conditions of (1.13) at x = oo, the higher derivatives y(¥ (x,A),i=k+1,...,n,
also have zeros which are ordered now so that

Z(fl) <z(ll> <z(2H) <z§l) < e <z§f71) <z§;>, i=k+1,....n
Our first claim is that all these zeros tend to +oo as A — . Suppose on the
contrary that this is false and for some ¢, 1 <1 <k, z(lt_l — oo while zY) which is
on its left hand side remains bounded by some constant K as some subsequence
of A-s converges to A. Obviously y~(x, \)y)(x,\) <0 on (Z(lt),z(ltfl)) and as
A — )\, we get

YD (e, X)y® (x, X) <0 on [K, c0).

Thus y(x, \) satisfies inequalities (1.4) for some ¢ <t — 1 <k, in contradiction
with (3.1). A similar argument applies to the zeros of the derivatives of order
bigger than k.
Let all the zeros of y(x,\), i =0,...,n— 1, which approach x = +oc as
A — X (and none but them) be in some mterval [M, c0). By using the k boundary
conditions at x = a and the n — k boundary conditions at x = 0o, we have seen that
each y)(x,\), t = 1,...,n, has at least h zeros in [M, oo) If between two con-
secutive zeros of y('~! (x /\) there is more than one zero of y)(x, \) or if y\)(x, \)
has any zero in (zh : ,00), then by the same argument we conclude that also
D (x, ), ...,y (x,\) have strictly more than A zeros in [M,oc). Since
" = —)\py, this leads to a contradiction with the number of zeros of
YD (x, /\) Hence, between each two consecutive zeros of y'~(x, \) which tend
to +oo, y(x, )\) has exactly one zero and no other zeros in [M, co).
The next aim is to show that in fact &7 =1, i.e., only one zero of y(x,\)
may approach 400 as A — A Suppose on the contrary that 2> 2 and
Zl ()\) . zh ()\) —o00 as A— A, i=0,...,n y(x,A\) eventually satisfies

inequalities (1.4) with ¢ = k (since V(x) =n — k):

t—

YO, A) >0 on (z(\),0), i=0,... .k
(=)0, ) >0, on (z)(N),00), i=k,...,n

On the other hand, since equation (1.1) is (k,n — k)-disfocal for every ), there
exists a solution u such that

>0, i=0,...,k,
(- D >0, i=k,...,n,

on some [Mz, o0), where M, is some fixed constant, and M, is the same for every A

in [\—1,x+1].
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Let A be so close to A that zgk)()\) > Mo, i.e., all the diverging zeros are in

[M>, 00). First we discuss the case when / is an even integer, say & = 2r > 2. Then
y(x,A) <0in (zg >,Z(2 Nu---u (zé,) 1,z§,>) while, of course, u > 0 there. Consider
y(x,\) + au as o grows, startlng from 0. For o = 0 the zeros of y + au are the

h = 2r simple zeros of y(x, A) and as « grows, the zeros that emerge from the z

come nearer until one of the palrs coalesces inside some interval (zgo l,Zg )) For
(0) 0) T
the same o, y + au>0 on [M,,z; ') and on [z,,’, 00). A similar thing happens for
the other derivatives of y + au. Let A be the smallest value of « for which two
zeros of one of the derivatives meet. It is impossible that this will happen for all
the derivatives at once since as x crosses a double zero, V(x) decreases by 2 and
this cannot happen n times for the solution y + Au. Therefore some derivative

(y —|—Au)( Y still has & distinct zeros while the consecutive one, (y —I—Au)() has

only & — 2 changes of sign in [M, c0), contradiction!

When £ is odd, say h =2r+ 1 = 3, the situation is slightly different. Now
y(x,A) >0 in (z(, ),z(2 Nu---u (zg?)_,,zgy) U (zérll,oo) and we follow the zeros
of y(x, \) — au as « grows, starting from O till a multiple zero appears. The only
difference from the previous case is that here a zero coming from oo may appear in
(22(3 .1,00) or a zero which emerges from z2, v may disappear at oo for a certain «.
Except this detail, a contradiction is encountered for the first value of « for which
some (y + au)w has a double zero.

Thus, it is verified that the number of zeros of y(x, \) in (a, 00) varies with A
only when one simple zero approaches x = oo. See Example 4.

(ii) y(x, M) for small values of ). The behaviour of y(x, A) for small values of A is
tricky. Let w(x) = lim,_y(x,\) where A tends to zero, possibly through some
suitable subsequence. Note that y(x, A) is not defined at all for A = 0. w(x) is
obviously a solution of y”) =0 and it satisfies the k boundary conditions of
(1.13) at x = q, i.e., it is a polynomial of order k at least. It is evident that such
polynomial cannot satisfy also the n — k boundary conditions of (1.13) at x = co.
This is not surprising since, as y(x, ) is not uniformly continuous on [a, 00), there is
no reason to expect that boundary conditions at x = oo are preserved by the limit
limy_¢ y(x, A).

At every fixed point xo, Y (xo, A) — w®(x), i =0,...,n,as A — 0. If w(x) is
a polynomial of order &, we have for large values of x,

}\ir%y(i)(xo, N =w(x)>0, i=0,....h

If h >k, y(x0, A), . . .,y (x0, A) > 0 contradict (3.1). Hence w(x) is exactly of order
k and due to the boundary conditions at x = a and the normalization, we have

lim y(x, A) = w(x) = (x - a)* /K.

As in (i), we conclude that y(x, A\) may have at most one zero z; = z;(\) that
tends to +00 as A — 0. If y(x, \;) has exactly one zero in (a, c0) for small values
of J, it follows by the definition that A\; = 0. Otherwise, if y(x, \) has no zero in
(a, 00) for small values of A, then \; # 0. In fact, we guess that this is always the
case.
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(iii) The existence of eigenvalues. The other details of Theorem 3 are verified
similarly to those of Theorem 2. For example, for large values of A, y(x, \) has
arbitrary many zeros. It turns out that ); are those values of A for which a single sim-
ple zero of y(x, \) enters (a,o0) through x = oo. Also the sequence \; cannot be
bounded. Otherwise, if \; — A, the limit solution lim; .., y(x, \;) = y(x, A) would
have infinitely many zeros in (a, o), which contradicts the eventual disconjugacy of
equation (1.1).

This completes the proof of Theorem 3. O

4. Comparison of the Discrete and Continuous Cases

In both the Discrete Spectrum Case and the Continuous Spectrum Case we
utilized families of solutions y(x,\). At first sight they seem different: In the
discrete case, y(x, A) is defined by the n — 1 boundary conditions (2.4), while in
the continuous case, y(x, \) satisfies the n boundary conditions (1.13). However,
the correct way to examine these solutions is not through the number of boundary
conditions but rather by their codimensions, i.e., the dimensions of the solution
spaces which are determined by them.

In the discrete case the k — 1 regular boundary conditions of (2.4) at x = a are
obviously satisfied by n — k + 1 solutions; the n — k singular boundary conditions
of (2.4) at x = oo are satisfied, according to Proposition 2’, precisely by the k
solutions uy, . . ., ux_1. Hence the n — 1 boundary conditions (2.4) have in this case
codimensions n — k + 1, k, respectively.

For the continuous case the k conditions of (1.13) at x = a are satisfied by
n — k solutions, and the n — k singular conditions of (1.13) at x = oo are satisfied
precisely by the k + 1 solutions uy, . .., ux_1, ux. Now the n boundary conditions
(1.13) which define y(x,\) in the continuous case, have codimensions n — k,
k + 1, respectively. Thus, the two boundary conditions which define the solutions
y(x, \) in the two cases are related by the interchanges a «— oco and k — 1 «—— k.

The duality between the roles of the endpoints x = a and x = co goes further
on. For the discrete case zeros of y(x, \) enter the interval (a,c0) through x = a
while in the continuous case this happens through x = co. In the discrete case
y(x,\) is normalized by y*~1)(c0) = 1 while in the continuous case the natural
normalization is y*) (a) = 1.

There is another way to observe the duality between the boundary conditions
which define the corresponding solutions y(x, \) in the two cases. Recall that in the
continuous case, the singular boundary conditions of (1.13) are designated to
select the k + 1 solutions uy, ..., u;_1,u;. But the same solution space can be
selected also by a different set of boundary conditions. It was seen by (1.20) that
in the continuous case u,_1, uy, g= (mod k), satisfy

u(i)—>oo, i=0,...,9—1,
u(i)—>0, i=q...,n—1.
Therefore, the n — k — 1 singular boundary conditions

lim y?(x) =0, i=k+1,....,n—1,
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allow g <k, i.e., ug,...,ux_1, uy and reject g = k + 2, i.e., U1, Upy2, .- - Up_1.
Consequently, in the continuous case the n — 1 = k + (n — k — 1) conditions

ya)=0, i=0,....k—1,
hmy(()_o i=k+1,...,n—1, (4.1)
define the same y(x, A) as do the n conditions (1.13). Thus, (4.1) is the continuous
case analogue to the n — 1 = (k — 1) 4+ (n — k) boundary conditions (2.4) of the
discrete case and it is again achieved by the interchange k — 1 «— k.
From the proof of Theorems 2 and 3 it turns out that in both cases
y(x,\;)/x¥ — 0 as x — oo. Indeed, in Theorem 2 we must have y(x,)\) =

S cai(x, \) & k! / (k—1)!. In the proof of Proposition 2" we saw that in
the continuous case y*)(x, \) = Zf:oc iU >(x A) — 0. Therefore,

Corollary. In both the discrete and the continuous spectrum cases the bound-
ary conditions (1.13) can be replaced by

lim y(x)/x* =0

5. Examples

We start with some equations which satisfy the integrability condition (1.12)
and Theorem 2.

Example 1.

y(1) =y'(1) = y"(00) = y"(00) = 0. (5.1)

The equation satisfies (1.12) with n = 4 and a basis of solutions with convenient
asymptotic behaviour as x — oo is

up = x*[sinh (a/x) — sin (a/x)] — /3,
u; = x*[cosh (a/x) — cos (a/x)] — o’x,
uy = x°sinh (o /x) — ax?,
uz = x> cosh (a/x) — x>, a =A%
Hence we look for a combination y = couy + cju; with a double zero at x = 1.
This happens when A = o = (5 + m)tn=12,....
Similarly, for the problem
4) 4 )\X*Sy _
y(1) =y (00) =) ( ) =y"(c0) =0, (52)
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A>0, the solution y(x,)\) = x[cosh (a/x)sin (a/x) — cos (av/x) sinh (a/x)],
o = A4, satisfies the three boundary conditions at x = co. y(1) = 0 holds when
tan (o) = tanh (), @ >0, and the eigenvalues are A, = (a,)* ~ G+ mn)*.

Example 2. Consider the eigenvalue problem
¥ 4+ A(coshx) 2y =0, 0<x< oo,
¥(0) = y'(00) = 0. (5:3)
Here (cosh )c)_2 ~ 4e~% satisfies (1.12). The equation is transformed by t =
tanhx = (e* — 1)/(e** + 1), y(x) = v(¢), into the Legendre equation
(1= =200 + =0, 0<t<]1.

For A =2n(2n — 1), the Legendre polynomial P, i(t) satisfies P,_1(0) =0,
P3,—1(1) # 0 and has exactly n — 1 simple zeros in (0, 1). Consequently

e —1
A =2n(2n—1) yux)=Pypg| —— |, n=12,...
e

Example 3. The boundary value problem
YV +AME2+1) 2y =0, 0<x<oo,
¥(0) = y'(00) =0, (5-4)

satisfies (1.12). The general solution of the equation is

V% + 1[cocos (VA + larctanx) + ¢ sin (VA + 1 arctan x)]

[6, 2.365], and its bounded solution is v/x% + 1sin (/A + 1(arctanx —%), ie.,

y = V% + Lsin (VA + Larcsin(x® + 1)"'/%). It satisfies y(0) =0 if A+ 1 =
2n, n=1,2,... With the notation sinf = (x> + 1)~/ this is y = sin (2n6)/
sin @ = Uy,_1(cos 6), where Uy denotes the Chebychev polynomials of the second
type. Hence,

X
)\n:4l’l2—17 un(x)—Uzn_1<T+l>, n:1,2,...

Now we turn to an example which satisfies (1.11),, and demonstrates Theorem 3.

Example 4. The differential equation

d =0, 1 5.5
V' Floga? =0 1<x<o0, (55)
satisfies (1.11),, for every e < 1 but not (1.12). (5.5) has a solution
- (-2 -N- k=N,
y(x, ) = logx{l + ; At 1] (logx) (5.6)

and for every integer A\ = n, this solution is

y(x,n) = logx L, (log ), (5.7)
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where Lﬁf) (t) denotes the Laugerre polynomials. For every A # 0 the solution
y(x,\) satisfies the boundary conditions y(1) =y'(c0) =0 and for every A,
n—1<A<n, y(x,\) has precisely n—1 simple zeros in (1,00). Hence
M=nn=172 ...

Proof. The substitution 1 = logx, y(x) = rv(t) transforms Equation (5.5) into
W+ Q22—+ A=-1)p=0, 0<t<oo.

This is Laguerre’s differential equation of type o = 1 (with A replaced by A — 1),
and its only solution which is regular at t = 0 is

(1=XNQ2=N- (k=X
m_1+z k‘(kﬁ)( )zk

All other solutions have a logarithmic singularity at ¢ = 0. This yields (5.6). When
A is an integer, say A\ =n, v reduces to a Laguerre polynomial and y(x,n) =
long( : | (logx).

It is shown in [3] that for noninteger A, y(x, A) &~ x/(logx)" as x — co. This,
together with (5.7), shows that y(x, \) satisfies the boundary conditions y(1) =
y'(00) = 0 for every A > 0.

By known properties of Laguerre polynomials, y(x,n) has precisely n — 1
simple zeros on (1,00). By Sturm’s comparison theorem it follows that as A
increases, the number of zeros of y(x,A) in (1,00) does not decrease. Hence
our claim will be completed if we show that y(x,A), n<A<n+e¢, has in
(1,00) precisely one more zero than y(x,n) has, namely n zeros. To this purpose
we rewrite (5.6) as

=L ( Y2 =N (k=)

k1
2 k' K+ 1) (logx)
+(=1)"(A = )(/\ 2) -+ (A—n)(logx)""!
~(n+1-— k— X .
X Z i k—|— )( )(logx)k
= P5(x) + 0\(v). (58)

Let x( be an arbitrary fixed point larger than the zeros of L}ﬁl (logx). Then on the
compact interval [1,xo],

Pi(x) = logxLV (logx),  O\(x)=O(|A—n|) as A — n.

Therefore y(x, \) has exactly n — 1 simple zeros on (1,x0] as A — n.
Now consider y(x, \) on [xp,c0). By the choice of xy and for n<A<n+1,
(=1)""'P5(x) >0 on [xg, 00), and in fact

0<(—1)""Py(x) < A(logx)" on [xg,00).
On the other hand, for n <A <n+ 1 all terms of Q) (x) are of the same sign, so
(=1)"0x(x) = B(logx)""' >0 for x> 1.
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Also 0, (x) = O(A — n) on any compact set. Thus, at x = xo, Qx(x0)/Px(xo) is as
small as we wish provided that we take a A sufficiently close to n. For this fixed A,
0O\ (x)/Px(x) — —o0 as x — oo. Consequently, y(x, A) = Px(x)[1 + Qx(x)/Px(x)]
must have a zero in (xp,00) as A — n™. So our y(x, \) has at least n zeros in

(1,00). O

The boundary value problem y(a) = y'(co) =0, a> 1, can be treated as well.
Here one needs to consider also the second solution of (5.5), z(x,\) =
y(x,A) [y7%(x, A), dx. See [3] for details.

References

[1] Eastham MSP (1989) The Asymptotic Solution of Linear Differential Systems. Oxford:
Clarendon

[2] Elias U (1997) Oscillation Theory of Two-Term Differential Equations. Dordrecht: Kluwer

[3] Elias U (2004) Eventual disconjugacy of y™ + up(x)y =0 for every u. Arch Math (Brno)
(to appear)

[4] Elias U (1978) Eigenvalue problems for the equation Ly + Apy = 0. J Differential Equations 29:
28—

[5] Householder AS (1970) The Numerical Treatment of a Single Nonlinear Equations. New York:
McGraw-Hill

[6] Kamke E (1977) Differentialgleichungen, Losungsmethoden und Losungen. Stuttgart: Teubner

[7] Karlin S (1971) Total positivity, interpolation by splines and Green’s functions of differential
operators. J Approximation Theory 4: 91-112

[8] Kiguradze IT, Chanturia TA (1993) Asymptotic Properties of Solutions of Nonautonomous
Ordinary Differential Equations. Dordrecht: Kluwer

[9] Kim WJ (1985) Asymptotic properties of nonoscillatory solutions of higher order differential
equations. Pacific J] Math 93: 107-114

[10] Krein MG (1939) Les théorems d’oscillation pour les opérateurs linéaires d’ordre quelconque.
Dokl Acad Nauk USSR 25: 719-722
[11] Naito M (2002) On the number of zeros of nonoscillatory solutions to higher order linear ordinary

differential equations. Monatsh Math 132: 237-242

Author’s address: Department of Mathematics, Technion — LI.T., Haifa 32000, Israel, e-mail: elias @tx.
technion.ac.il



